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Date: last revised on 8 Feb 2012. translated to Japanese by Kazumoto Iguchi. Original papers: Received
December 8, 1930. Lars Onsager, ”"Reciprocal Relations in Irreversibel Processes.l.”, Physical Review 37
(1931) pp. 405 — 426.
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Xy = T grad T,
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X1 = R Ji,
X2 = RaJo,
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X1 = R J1 + Riado, (1.1)
X9 = Ro1J1 + RaaJo, '
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Ri2 = Ro;. (1.2)
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1W. Thomson(Lord Kelvin), Proc. Roy. Soc. Edinburgh 1854, p.123; Collected Papers I, pp. 237-41.
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ds 1 1
- = T(XIJI + XoJo) = T(RHJlZ + (Ri2 + R21)J1J2 + Ra2J3).
oooooooooooooooooa

ds/dt > 0
0000000040 ,0000000000000000000000000000

Ria + Ry < 2(Ry1Ran)Y2. (1.3)

2H. v. Helmholtz, Wied. Ann. 3, 201 (1876); Wiss. Abh. 1, 840
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J1 = L11 X1 + L2 Xo,

2.1
Jo = Lo1 X1 4+ Lo Xo. ( )

ggoono
L1y = Raa/(R11R22 — Ri2R21).
gopooooono (I.Q)DDDDDDDDD

Lo = Loy. (2.2)
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Lo = Loy. (2.2)
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3L. Boltzmann, Wien. Ber. 96, 1253 (1887).
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J1=L11 X1+ Li12Xo+ L13X3,
Jo = Loy X1 + Loa X9 + Lo3 X3, (2.3)
J3 = L31X1 + L32 X2 + L33X3.

gooooooboooooo 3‘2/2:3DD|:|DD[||:|
Lio = La1, L13 = L31, Loz = L3o. (2.4)
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00000000000000000000
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Lux% + (L12 + Lot)x1za + -+ - + ngxg = Alx’IQ + A2x§2 + /\3x§2 = const. (2.5)

gobooobooboooooooo

Jik = )\le =+ ngS — CL)QX;’
J; = —ngi“ + AQX; +W1X§, (26)
J; = (,UQ)(ik — leik + )\3X§

0000000 (2400000000000
w1 :wgch3:0 (27)
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4W. Nernst, Zeits. f. physik. Chem. 2, 613 (1888).

°E. D. Eastman, J. Am. Chem. Soc. 48, 1482 (1926); 50, 283, 292 (1928).

SDufour, Arch. d. sc. phys. et. nat. Genf 45, 9 (1872); Pogg. Ann. 148, 490 (1873).
7DDDDDDDDDDDD8T/8Q:1DDDDDDD oT/dz» 000000000000 DO0OOOOUOOODOO
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J1 = M X1+ w3Xo,
Jo = —w3 Xy + M Xo, (28)
J3 = A3X3.
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arc tan(—ws/A1)
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A

N\

1 B (3.1)
V%

C
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8Ch. Soret, Arch. de Geneve 29, no. 4 (1893); 32, no. 12 (1894). W. Voigt, Gétt, Nachr. 87, (1903).
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7t = —(kpa + kca)na + kapnp + kacnc,
B = kpana — (ka + kep)np + kpene, (3.2)
e = koana + kepnp — (kac + kpo)ne.

oobod kpa000DO0O0ODOOODOODOODOODOODOODOODOODODOODO
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na,np,nc 000000000000 O00O0O00OO0OO
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7: =0= —(kBA +kCA)T_LA + kapnp + kacnc, (3.3)
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A+ ng+nc=nyg+ng+nc=n. (3.4)
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kpana = kapng,
kcpnp = kpcnc, (3.5)
kaciic = kcana,
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kackcBkBa = kapkpckca
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C=A.
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Z = Zmin + RT(nalog(na/na) +nplog(ng/ng) + nclog(nc/nc)). (3.7)
googd

0Zprny = RT(log(na/na)dna +log(np/np)ong + log(nc/nc)onc).

‘00000 (Coriolis force) D0 000000000 MMSrOOOO
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Xp~—Eyp, (3.9)
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_ daa
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, i kapi kacn
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Gp = —7:13}?{“ Xa+ (kas + kop) X — M5 X, (3.10)
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gboboboboobooboobooboobooboooboooobbobbooobooon
gbooobooobobooboboboboobooboobooboboooobonoobooboon
gboboboboobooboobooboobooobooobooobobobbooobooon
gbobooooobobooobooon
gbooobooooobooobooboboobobooboobobooboooobooon
gbobooboobooboobooboobooobooboooooooobooooboon
gboboobooboobooboobooboobooboobooooboooboobbon
gbbobboboobouooboobuoobuooboobuooboooboobooboan
gbobooboobobboobobobbobooboobobobbobboobooban
gbobooboobbooooobbooboobboobg
0000000o0ooOoOO0o0ooUooooooDO3—,4—,6—-0000 (x3)00000

Ty +ixy — (21 + ix0)e?™ ™™ (n = 3,4,6)
(’I?’L 1721" )
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0000000000000000000O000000O000DO00000 (2800000
oooodoon

(4.1)

-TJ, = )\18T/8£L’1 + w3aT/al'2,
—TJy = —w38T/8:1:1 + )\18T/8{L‘2, (4.2)
—TJ3 = >\38T/8333

DDDDDDDDDDDDDDDDDDDDDDDL@,EODDDDDDDDDDDD§2DD
gboboooooboobogoboboboooobooboobooooboobobooobooDo
gbooooogbobobooobobobooboooobobobooboboboobobobo
gboobogboooboboboibwsdbobooobooooboobooboooboooo
gbooooboooboboboboooboooobobooooooobooboboboooboono
gooogboooboobooooboobooboobooboobooooboboobooboboobon

HoQ ¢ =ai/E, & =az/Ela1,a: 0 (43)0000000000000000000000 EOOO
00000000000000000000
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gboobooobgobobobooooooboobobooboobobobobobooooo
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a1:f6~x1dV,

a9 = fﬁ . CEQdV, (4'3)

goo €:€($1,$2,$3)DDDDDDDDDDDDDDlQDDDDDDDDDDDDD VO
gobodboobbit O aiddbboooboooboooboboobooonobooooo
gobogbooooood

1 =09 = 0.

UbobodbbdidleU «bOb00obooobobodboooobodibibdlde; 0 20
goboodgboboooooooo

a1° = g°; 10 = 0. (4.4)

000000000 (v,e) 000000000000 OOOOOOOOOOOOOOOO
gboooobobobouoooobobbobuoobdbobtx00b0obdoodnl o
g

8T/8x1°” = —TE(OQ)

ggbobooobobobooobbooobbibouoib gpObOooobboobobooaoboo
goobooboobboobuoobuoobboboboobuooboobobbooboab
U0 e 0oooggoog

8T/8:n1a1 = —TE(OQ) = TCOll.
googd
8T/8:L"26“2 == —TYQ(OKQ) == TCO[Q.

0000000000000 000000 (m,ae)00D0O0ODODOOO

—TYl(al, ag) = TCOQ,

—TYQ(OQ, ag) = TCO(Q. (4.5)

00 CcO0000000000D0D00D0000000000000B¥ 00000000000

2N ppoooO0O00O00000000000000000000000000000000000000
0000000000000 0000000000000000000000000000000000000
000000000 (44)0 (45000000000

I3A. Einstein, Ann. d. Physik 33, 1275 (1910).
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U000x,z000000000000000000000000D00000001 0 220
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gbooooooboboboboooooooboboboboboboooooooono
goboobooboobooboobobbobboobbooboboobobboobLbOon
goboobooboobuoobooboobbooboboboooboobooboobooo
gobooobood

000000 @.2)000o0o0o0oooooooo

Ji(ar, az) = M X1 (a1, a2) + waXa(ar, az) = =M Ca; — wzCasy,

Ja(a, a2) = —w3 X1 (a1, ag) + M Xa(ar, a2) = w3Cag — A\ Cas. (4.6)
00000 VOOOOoOOovVJ 0, 00000000000000000
day/dt = V.Jy
ogooooo
m: —MVCa; —w3VCas, (4.7)

dag/dt = w3V Caj — \VCas,

gbogoobobooboboooooboobuoobobo,bobbobboobOooon
00y = 00000000000000 200000000 a0 At0000OO0OOO
gobooboobobooboon

@Q(At7a/1)
gogodoooooboobbbdodoooaoon
5{2(0,0/1):0.

gboboobooboobbobobooboobobobooboobbobDib0a, 00O
0000000000000 00000000000000m =4 000000 AtO0O
Uoboodl e 0o0oooo

dQ(At,O/l) — as(0, O/l) = ay(At, O/l)
00 At00000000000O0O00O0O00O0O W7oooooooo
(At o) = ag(At, o)) — az(0, o)) = dag/dt®r - At = wsTCo) At. (4.8)

gooooobooooo
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1 t=t"
o oat £ A0 = lim / on (D) (t + Ab)dt
t

" —oo t! — 1/ —

gboboobooobod

a1 (t)a(t + At) = o aa(At, o)) = w3V Cay2At. (4.9a)

00000000000O0000000 4)OOoOoOoOoooooooOOooOoOoo

ag(t)aq (t + At) = —w3VCOa12At = —w3VCas?At. (4.90)

goo

0000000000000 » 0000000000000 m =4 00007000
00000000 =4 000000000000 ae=040000 7000 aq =0a)
gobodboooobooboooobooboooobooboooboboobooon

Otl(t)az(t—i—T) :OéQ(t)Oél(t—l—T), (4.10)
godd0or0o0oooooon T:AtDDDDDDDDDD(4.Qa,b)DDDDDDDD
w3:0, (4.11)

00000000000000D000000000000000D0000 (Voigt)JOO0O
o¥oooooo

0000000000000000000000AD BOOODOOOOOOOOOOOO
00000000000 A—-BOB—-AOOODOOOODOOODOOOOOOOOOO
0000000000000 0000000000000000000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
000000000000 00000000000000000000000000000
0000000000000 0000000000000000000000000ooaQ
0000000000000 00000000000'00"00000000000000
0000000000000 0000000000000000000000000O0OOn
000000000000 0000000O0000000000D00O0O0OOoooooO
000000000000 000000000000000000000OoOooooooag
0000000000000 00000000000000D00000000000DoOn

Mp and T. Ehrenfest, Enz. d. math. Wiss. IV. 320000
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ocoooOoOO0O0O000o0o0o0oooooOoOobOOOOOO0O0OOoOo0oooobob000 A0 BO
000o00o0oO00oDoDo0o0obd0 A—-BO0 B—-AO0DODOODDOOOOOO rO00O
gbobobobobobobobo
O00000000000000000 (Loschmidt) 000000 (Boltzmann) 00000
0400000000 0000000000000000000000000000000
goobooboobooboobooboobooboobboboboobOooboon
gobobobobboobboboboboboobobboobobbooboboboboboobooboo
gobodboobobooboobbideb0oboonoboooobd

a=da/dt = —Ka, (4.12)
gogoooooooboooobo
a(r,d) = a(-r,d). (4.13)
gooad
a(r,a) = —a(—,d),
O:
&(0,a') = —a(0,a') = 0.

0000000000000a000 7000 ¢ >0000000000007=0000
0a=0000000(413)00000a00070000000000000000000
00007r=00000a=00000 (412)07>00000000007<000000
gbbobobobobobbobbobooboobooboobooboobonoobooonon
0000000000 —000 a0 7-=0000000000000000000000
ugobod —obobogboboooboobboobuoobboobooobooaoboboaoo
00000000000 4.12) 0000000000000 000D00DOOooOOOOoOoOO
gbbooboobuodobooboobuoobooboboboobooboobuooban
U0 pbO0b0000bO00bOb0obobO0obooob0oboooboobooboooboDbo
gbobooooobooobogoboboboboooooboboboooobobobobooooo
0000000000000 000000O0O00000OOOO0O00OooOoOOO (4.12)
0470 42)00000000000000000OOO0O0OCOOO0OOOOOOOOOO
(48) 0000000000000 OO0UOOODOO0OO0 AtOD00O0OODDOODOOUOOOOOO

1> KAt > K.

obibdt=7nU0000000000000¢t=00000000000D0O0ODLOODODO
At>n000000000M0((4.12)00000e00000da/dt00000OO0O0OOO
goobobobobobobobobobobobobobobobobobo oo
goboobogoboo

K ~1/I2.



16 gooooooooo coooooooo

00000K7O?/\000000000000000000A0000O0O00OOOO0
(411) 000000000000 0O0C0O0O0C0O0O0COO0O0O0OUDOOUOOUDOOUOO
gbobobobobobobobo

J1 = L11 X1+ L12Xo + L13X3,

Jo = Loy X1 + Loa X9 + Lo3 X3, (2.3)
J3 = L31X1 + L32 X2 + L33 X3,

ooood
TX, =—-0T/0x1; TXy=—0T/0xe; TX3=—0T/0xs. (4.14)
ooooooon
Lig = Loy, L1z = L31, Loz = Lsa. (2.4)

gboboooooboboooobobobobobooboobobobobooooooDo
00000000450 46) 00000000000 0OOO0UOOOOODOOUOOOODO
O

041% = 0422 = a32; 10 = ipxg = (igv; = 0.
—Xi(a1, a2,a3) = Cay,

4.1
—Xo(a, g, a3) = Ca, (4.15)
—X3(a1, 0, a3) = Cag.
(4.6)0 (47)00000000O0
JT(Oq, a9, 043) = —L110a1 — ngCag — ngC’ag, etc.
dal/dt = —L11V041 — L12Va2 — L13VCM3, etc.
(4800000
5&2(At, 0/1) = dag/dtall At = —L21VCo/1At
0000000 490000ooooo
Oq(t)OéQ(t + At) = OéIIdQ(At, 0/1) = —L21VCO(712A25. (4.16(1)

gboboodgbooooo

Oéz(t)Oél (t + At) = —L12VCOé712At. (4.16b)



oooooooooooooo.d

00000000 (4100000000000

ap(t)aa(t + At) = aa(t)aq (t + At).
(4.16a, b) 0 (4.15) 000000 (4.11) 0000

Lig = Loy

0000((24)000000000000000OO0O0OO0O0ODOOOUOOOODO

5. JD0O0O0OobOOoOoboon

17

0000000000000000000 (24)0000000000000DOOODOO
O00o00O0o0ooO0o0ooO0o0oooO0o0oooOooooo0ooD (23)0 @1)o0"0" X

ogrgbrJoboboboboboboboo

_%% = X3 = R31J1 + R3aJo + R33J3,

O000Ry;---Rgs0 (23)0 Lyy---Lss 000000000

3 3 _
LimBok =Y Rim Lk = 631, = >
Z imAlmk Z imLmk ik { 0 (Zz
m=1 m=1
goooooooo (2.4)DDDDDDDDDDDD
Ri2 = Ro1; Ri3 = R31; Raz = R3o.

00000000000000000000
2MJJy—1§:R-JJ
) —Tk i,kJiJk,

K3

o00 (.1)00ooooooood

Ly a(1>_qu)

T " 0w \T) ~  0J

(5.1)

(5.3)

(5.4)
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gbobobobobobobobob

3
2TH(J,J) =Y TJpd¢/0J, = 1 X1 + ] Xa + J3Xs. (5.5)
k=1

od qb(J,J)DDDDDDDDDDDDDDDDDDDDDDDDD15DDDDDDDDD
goooboooboboboboo-oobooboobobbobooboobobooobon
0000000000000 ooooooooooO FJL,J)=Te(J,J)0000oo0O0
rooggooodboouoobooboboboboobobbog bbb oboOoD
0000000000000 000000000OOooOO2g(J,J)0o0oooooooog
obobobobobooboboooooooooooooooogo2Teg=2Fr00000
googor oo "boooobooooon
gboboobooobooboooboobooonoboob sbbooog

Tds/dt = —divJ = —8J1/0x1 — 8J2/81‘2 — 8.]3/61‘3, (5.6)
gobooboobobooboooboon

ds)dt — / (ds/dt)dV = / <—;divJ> v

gobooboooboboooboooon

[ [ Jeasniacs [ [Rawn= [ [ [ (rgaal)av
[ (e (5) 5 () 5 (7))

ooboobooooooooogoobogooo @obobooooboooobogoonJ, 00D
gbobobobobobobobobooboboobobobobooo

$* () = / / (Jo)T)d2 (5.7)

goboobooobboooboobooonoo

S’(J)z///(—;dm) dv (5.8)

15,0rd Rayleigh, Proc. Math. Soc. London 4, 357,[363], (1873). Theory of Sound. (London, MacMillan
Co., 1st ed. 1877), Vol. 1, p. 78; (2nd ed. 1894), Vol. I, p. 102.
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000000000 M.14)00000o0oooooo

S(J)+ 8*(J,) = / (J,grad;> v = /;Jka‘; (;) dv (5.9)
= / % > I XpdV.
k

000 (5.4)0 (5.5) 00000

/2;%5;<;>“/‘/§;%8ﬁiﬂdV—/éwiva

000 (900000000000 DOOO0

25(J,.J) = 2 / $(J, NV = S(.J) + S (Jn). (5.10)

goooooooo (5.4)|:||:||:|D|]|:||:|
S(J) + S*(J,) — ®(J, J) = maximum (5.11)
DDDDDDDDDDDDDDDDDDDDD'D'DDDDDDD T(:tl,:bg,x'g)DDDDDD
0000000 J(z1,22,23) 0000000 $,$*0 00000 (5.7)0(5.8) O (5.10) O

00000oO0ooUoo()0 (= 0000 JOooOoU0OoO0"00O0m (9000000
goo

S[S(JT) + §*(J) — (], J)]

‘/[kka 1) -
zk:[aik <;> &81 (J, J)} 8JdV

000000000 (G4 00000

av

S[S(T) + S*(Jn) — ®(J, J)] =

000000000D0O0S0O S*0J0000000000é0000000000000
0000000000000000000000000000000®(J,J)000000
0000000000000 00((.10)0000000000000DUoooooooog
gooooo
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gbobobooboooboooooon
Jp =0 (5.12)

000D00000S8* 000000000
S(J) — ®(J,J) = maximum. (5.13)

goooooboooooooJobooobobobobooooboooooboboboboooo
gobooboooboboooboobooonoo

00000000000 (5.11)0 (5.13) 0000000000000 0OOOOOO0O(5.13)
gogboboooboooobboooboboobobooooboboobbooobobooooo
gboboooobooobbobbobobobbooboobobobobooboboobbon
gboboobooooboboboboboobooboobbooboooboooboooboboan
oooooooooOoOooooOoOooobooOooooDoDoO00obooooooOoooD soo
owobooogooooooo

S = klog W + const.

goboboooboooboboobooboobbooboboboobobobbooboobon
gooogooon

6. U0ooooon

0000000O0O0000oOoOo0o0o0oooOoOooUoooOGA)Dooooooo
gbbobbobuoobuogbuoobuoobuooboobuooboobooboooboan
gbobogboodg

ubbodgboobbooboobbooboobbooboab

divy = 0J1/0x1 + 0J2 /00 + 0J3/0x3 = 0, (6.1)

DDDDDDDDDDDDDDDDDDS(J):0DDDDDDDDD(5.11)DDDDDDD
goo

S*(Jp) — ®(J, J) = maximum. (6.2)

000000000000000000000(6.1)0 (62)00000000000000
JOOODODOMmM®(,/)00000000000000066(J,J)=3(8¢/8J:)8J, 000

000000000oooO0ooo0omooog (S(J)=0000)000O(.10)0

S*(Jp) = 28(J, J) (6.3)
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gobooooooo
28" (Jn) = ®(J, ) = 5" (Ja)
000000000000 (6.2)000 (6.1)0 (630000000
S*(J,) = maximum. (6.4)

gobooboooboo
00000000000000 J/'000000000

T =0
000000000000000 (erack) 000000000 OOOOOOODOOOOOO
0000000 JOD0OOoo0ooo J/'0o00booooono S*(J,)0oOoOoooooooo
go0ooooooooooooo

S*(Jy) > S*(J!) (6.5)

gobooboobobooboobobooboobbooboobbooboob
(6.5)0 00000000000 DOO0OO0DODO0OOO0OODOOOO0OODOOOOODOOOOD
gboboboobooboboobobobooboobobobobobooboobooboobooon
000 (1.1)0b0o0o0oooo0, 0000000, 0000000000000OO00OO
ooooooo -Tx;obooox,oooooboooo,=0000000D00D00O0OO
gobooboooboboobooonoooobooon

S(J) + 5*(J,) = (V/T)(X1Jy + XoJ3)
00000 (GYooOm (1) 000000000000 o0ooODO0ooDoDoooUooOO
T(S(J) + S*(J)) = (V/Ra2)[X3 + (Ri2 — Ro1)XoJy + (R11Ro2 — Ri2Ro1) J1).
goooooooood
J1=0
0000000 XoO(62) 0000000 S+S*000000000000OOO

Ris — Ro1 =0 (1.2)
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gooobooo
oooooorooooooooooo"ooo0oooooooooooDooO @oooo
goboboboobo J,oobooobouooobooooooo

/JndQ:0

O0o0o0OO0oO0OOOoODoOoOODOO(62)DO0OO S’*(Jn)DDDDDDDDDDDDDDDDDD
gobodbooobuooboooboab

®(J,J) = minimum (6.6)
gogoooooooboboooood

J, 00000000000 (6.7)
div J = 0. (6.8)

oooooooJooooobooobooooobooooboobooooobooobbooobo
ooo

7. 000000 (NON-REVERSIBLE SYSTEMS)

gbooooooooobogoboboooooobooobooobooooooobobooboonoog
gboboooooooobooboboboooooooooobooboboooooooono
00000000000000(G) 0000000000 0OUO0DLOO00O0oDUDOOoOoUD
0000000000 000000000000 0O0D000UDOUOOOoDoOoUoOOO
goboobooobbuooboobobooboobbooboobbobobooboobo

gboooboobooboboobooboobobbobobobbooboobooon
00000000O000oO0oU0O0O0o0ooOo0oUO0n (2400000000000 OOO
000000 (s.11) 0000000000000 0O00O00O00DDOOODDOOUODOOD
goboboobooboboobboboboboobooboobooboobooboobooon
gooooobooobobobobooboobobobobooobobobobooobobo
gobobooobooboboobooboboobbooboobooboobooboobon
gobooboooobobobobobooboobooboboobobobbooboobon
goboooobooobobooboboobooboobooboobbobbooboobon
gobooobooboobboboobbobobooboobooobooboboobbon
000-0000000 (Righi-Leduc effect) OO 0000000000 OOOOOOOO
gboboboboobobobobboboooboooboobooboobobobooobooobooban
000000000000000 (28)000000O0OODODOODOOOO
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Ji = A X1 + wXs,
JQ = —le + /\XQ, (71)
J3 = A X3,

bbb flewdobbo0obOoobooobooboboooob s oonboon
gbobooboobobobooboboobobooboboboboobooboboobooobooon
goboobooobobooobooobboobuoobobooboobooobobooo

00-0000000000000000000000000000 (Hall effect) 0000
ggboboooboboooboboobooboooobboooobobooobbooboobooboooo
00 J,Jo,Js000000000X,,X,, X;00000000000000(7.1)000OO
gobooobooooo

gboobooobooooobuoobooboooboobbobooboobooooobonoo
gboboobooboobooboobobbobbooboobobobobbobobon
00000 (r.1)booooO0oooOooo

ggoboboobobouoooooobbobboboooooobbbboooobobooboobogd
gbobooboboobobooboobooboobbooobooboooboobboobad
0000000 (Stokes) OO DODODOMmM



