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Abstract
We study the applicability of the q-exponential function for the distribution of family names. We mainly focus on the rank-size
distribution of Japanese family names. The result supports the fact that the q-exponential distribution is relevant to the distribution
of family names that is understood until now to obey power-law distribution (Zipf law).
c 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Power-law distribution has been found in wide fields such as biology, sociology and economics and so on.
Parete law for the distribution of income [1,2], Zipf’s law for city-size and word frequency [3], and Omori’s law
for earthquakes [4,5] are typical classical examples. Such examples are too many to enumerate even in recent
technological society as commonly seen in the distribution of documents on the Web site [6]. The reasons for the
emergence of such power-law distributions have been studied for a long time. To explain the occurrence of Zipf’s
law, Simon proposed a mechanism based on the stochastic process [7–13], a long time ago. Two decades ago, selforganized criticality (SOC) has also been introduced by Bak et al. in order to explain the frequency-size or frequencyintensity distribution of the dissipative systems [14].
Recently, instead of random networks, the scale-free networks (i.e., complex network structures with a power-law
distribution in the number of degrees at the site) have been found by Barabási and co-workers from studying the
growth of the internet geometry and topology [15–21]. Here, the link distribution functions also obey a power law.
More recently, a generalized thermostatistical formalism based on a power-law entropic measure (Tsallis entropy) has
attracted much attention in various complex systems and critical phenomena [22–24]. The optimization of the Tsallis
entropy gives a q-exponential function as the non-equilibrium distribution function [24]. In the natural progression,
the q-exponential fits for earthquakes [25], market traded volume distribution [26,27], empirical degree distribution in
feedback networks [33–35] and so on, have been successfully done. Note that the q-exponential function has powerlaw tail in an asymptotic limit, and is equivalent to the Zipf–Mandelbrot distribution in the cases with q larger than
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unity. In this way, the power-law distribution can be ubiquitously seen and play a very important role in many branches
of science.
From this context, in this paper we investigate the applicability of the q-exponential function for the rank-size
distribution of family names. The statistical properties of the distributions of family names have been reported for
several countries [28–31]. Miyazima et al. showed that the frequency distribution of family names obeys a power-law
distribution by using the data for some Japanese local cities [28]. They found that in the rank-size distribution of the
family names the power-law behavior changes from a power law P(k) ∼ k −γ with an exponent γ ≈ 0.67 in the lowfrequency regime to another one with a different exponent γ ≈ 1.33 in the high-frequency regime. Satou and Seno
have also obtained almost the same result for distribution of family names in Japan and some other countries [32].
However, the origin of the crossover (or singular point) between both the different power laws is not clear.
For such power-law behavior of the distributions, explanations based on Galton–Watson branching processes and
the Simon models have been performed [28–31]. These are microscopic approaches in the sense that the theory is
based on the rate equation that the distribution functions of family names follow. Although there is the advantage that
we can treat analytically the solution of the equation, its applicability is certainly limited. For example, many such
theories are applied only to the asymptotic case, i.e. quasi-stationary state, and to the case for tails of distributions.
Indeed, when we apply the fitting of power-law decay to the frequency distributions of family names of the Japanese
and the Korean, the low-frequency region and the high-frequency region have different exponents to each other, but
it is impossible to explain at the same time those exponents by the microscopic approach based on the rate equations
described above.
We explore the q-exponential properties of the distribution of family names in the Japanese society. The result
supports the fact that the q-exponential distribution is relevant to the distribution of family names over whole frequency
regime. The estimated power exponent in the high-frequency regime is larger than the one observed by Miyazima et al.
Furthermore, we show numerical results of the fit to data for family names in other countries.
The organization of the paper is the following. In Section 2, we present the simple explanation for the q-exponential
distribution and the relation to the power-law distribution by using scale-free network. In Section 3, we apply the qexponential fit to data set of family names. In the last section, we will give the summary and discussion.
2. q-exponential properties of distribution functions
In this section, we give a brief introduction to the q-exponential properties and the relation to the power-law
distribution.
2.1. q-exponential properties
The q-exponential function has been introduced through nonextensive statistical mechanics which has been
extremely successful for critical phenomena, complex systems, and nonergodic systems [22–24]. The distribution
P(k) can be derived by extremizing the q-entropy,
R∞
1 − 0 dk[P(k)]q
Sq [P(k)] =
,
(1)
q −1
with the constraints as,
Z ∞
dk P(k) = 1,
0

R∞

dkk[P(k)]q
R0 ∞
= k0 .
q
dk[P(k)]
0

(2)

Then we can obtain P(k) ∝ expq {−k/k0 }, where the q-exponential function is defined as,
1

expq {x} ≡ [1 + (1 − q)x] 1−q .

(3)

Moreover, it easily found that the q-exponential function is the solution of the nonlinear equation,
dy(x)
= y(x)q .
dx

(4)

Author's personal copy

1630

H.S. Yamada, K. Iguchi / Physica A 387 (2008) 1628–1636

According to White et al. [33], we adapt a fitting function as
P(k) = P0 k δ expq (−k/k0 ),

(5)

where P0 is the normalization constant. This ansatz as the fitting form has been successfully used for the distribution
of the trading volumes and distribution of degrees in some complex networks. Note that in the limit k → ∞, P(k)
approaches the Parete distribution or the Zipf’s rank-size distribution such as P(k) ∼ P0 ak −b , where


k0
a=
q −1



1
q−1

,

b=

1
− δ.
q −1

(6)

Thus at least the function of the form (5) has the power-law behavior in the tail. The number of the adjusting parameters
is three, i.e. the q-exponential parameter q, the characteristic value k0 , and the complement power index δ.
2.2. Relation to scale-free property
We shows the simple relationship between the q-exponential property and the scale-free distribution in the network
growth. We consider the algebraic preferential-attachment (PA) probability:
kiα
,
Πi =
NP
−1
α
kj

(7)

j=1

where ki is the number of degree at the ith site and −∞ < α < ∞. For a large network, Πi can be regarded as a
continuous rate of change of ki . Then we obtain the following equation for the growth of degree ki as,
kα
dki
= m̄ i ,
(8)
dt
µα t
P
P
P
where t (= j k 0j ) =
j 1 denotes the evolution time that is equal to the number of nodes, and
j k j = 2m̄t,
P α
(8)
has
a
q-exponential
type
solution
when
compared
to
Eq.
(4).
We
can
obtain the
k
=
µ
t.
It
follows
that
Eq.
α
j j
solution under the condition ki (ti ) = m̄ as,


m̄ α ti
(9)
ki (t) = m̄ expα −
ln
µα
t

 1
m̄ α ti 1−α
= m̄ 1 − (1 − α)
ln
.
(10)
µα
t

d ti
Since the degree distribution P(k) is defined by P(k) = − dk
t [17], the degree distribution becomes
P(k) =




µα 1
µα k 1−α − 1 m̄ 1−α − 1
exp
−
−
.
m̄ k α
m̄
1−α
1−α

(11)

This is the result Eq. (11) of Liu et al. [21].
It is shown that in the limit of k → ∞ the asymptotic form of P(k) becomes P(k) ∼ k −3 when α = 1 and
P(k) ∼ exp(−k/m) when α = 0.
We can regard a society consisting of individual persons with a family name as a bipartite network: family names
and individual persons. Then the degree distribution of family names is the rank-size distribution. In the following
section we try to apply the fitting based on the q-exponential function to the rank-size distributions of family names.
3. Numerical results
In this section, we show the numerical results of the q-exponential fitting for the data for some empirical size-rank
distributions of family names. We used the Levenberg–Marquardt algorithm for nonlinear least-square fitting of the
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Table 1
The SW diversity S and evenness J for distribution of family names in some countries
Country

Nt

K

K cut

S

J

Japan
U S A∗
Norway
Manx
Korea
China ∗

125
230
4.2
0.075
50
1300

270 000
1500 000
4 000
449+
280+
619+

10 000
88 799
3 200
449
280
619

10.71
9.96
10.16
7.30
4.81
5.62

0.80
0.60
0.87
0.82
0.58
0.61

The other columns denote the total population Nt , the number of family names K , and the cut-off K cut which are used for the calculation of the
SW entropy S and the evenness J in the distribution. The unit of the total population is millions. We cited some data of the marked countries by
asterisk (∗) from Ref. [32].

parameters of the q-exponential function from Eq. (5) [36]. The Levenberg–Marquardt algorithm is a standard method
to optimize the cost function by using the effective combination of the steepest decent method and the inverse Hesse
method. We obtained the data for fitting from some web sites [37].
3.1. Some basic properties of distribution of Japanese family names
Before performing the q-exponential fit to the data, we give some statistical properties of the distribution compared
to the ones in other countries. We use the Shannon–Wiener (SW) diversity S[n i ], i.e. the Shannon entropy in
informatics, and the evenness J [n i ] for the distribution. The evenness express uniformity of the size for each rank.
They are commonly used to measure biodiversity of ecological data. We consider size n i of the rank i. SW entropy
and evenness are defined as,
S[n i ] = −

K
X

pi log2 pi ,

(12)

i

J [n i ] =

S
,
log2 K

(13)

where pi ≡ n i /N , and N and K are the total number of persons and the number of family names used as data,
respectively. The log2 K denotes the maximum capacity of the information, i.e. entropy in a uniform distribution. It
has been reported that K is proportional to the total population by using data from some cities in Japan [28]. Note that
in regarding pi as a continuous variable, pi corresponds to P(k) in Section 2.
In Table 1 we give the SW entropy and the evenness for some countries. Fig. 1 shows plots of entropy as a function
of evenness. It is found that in the case of Japan high entropy and high evenness are a typical feature as compared
with other countries. In the last section we give a comment on the rich diversity of the distribution of Japanese family
names.
3.2. q-exponential fit to the distribution of the Japanese family names
Fig. 2 shows family name frequencies as a function of the family size (Zipf plots) for Japan in recent times. In
Fig. 2(a) and (b), the number of individual persons and the number of households are used as a measure of frequencies,
respectively. The curves in Fig. 2 are numerical q-exponential functions given by the nonlinear least-square fitting of
the data. The estimated parameters {q, k0 , δ} are summarized in Table 2. As shown in Fig. 2(c) and (d), the data
clearly show the power-law dependence with γ ≈ 1.5 in the tail of the distribution. The result supports the fact that
the q-exponential distribution is relevant to the distribution of family names over the whole frequency regime.
Let us change the region of the parameter fitting. In Fig. 3 we show Zipf plots and the estimated q-exponential
curves of the data for the number of individual persons. The fitting ranges and the estimated parameters are
summarized in Table 2. The value of the power-law index γ based on the estimated parameters gradually increases
as we use the data in the range of tail in the distribution. The value is larger than the value γ ≈ 1.33, which was
estimated by Miyazima et al. [28] and Satou et al. [32].

Author's personal copy

1632

H.S. Yamada, K. Iguchi / Physica A 387 (2008) 1628–1636

Fig. 1. (Color online) Plots of SW entropy S as a function of evenness J for some countries.
Table 2
Parameters for the best fit to the q-exponential functions for the rank-size distributions of the Japanese family names
Range

q

k0

δ

b

1–10 000
1–10 000
1–1000
1–7000
2000–7000
5000–10 000

2.07
2.03
2.16
1.99
1.68
1.66

562.7
524.8
147.6
288.1
338.1
393.0

−0.606
−0.594
−0.414
−0.471
−0.134
−0.154

1.54
1.56
1.28
1.49
1.62
1.66

The first row shows the result for the household unit. The others are ones for individual units. The left column denotes the fitting range. The effective
1 − δ.
digit is two. And b = q−1
Table 3
Parameters for the best fit to the q-exponential function for the rank-size distributions of family names in some countries shown in Fig. 4
Country

q

k0

δ

b

USA
Norway
Manx
Korea

2.81
2.68
1.63
1.05

1251
5.71
28.3
20.5

−0.63
−0.25
−0.31
−0.34

1.18
0.84
1.88
2.34

3.3. q-exponential fit to the distribution of the family names in other countries
Generally, the distribution of the family names strongly depends on the country due to the effect of each culture
and own history. We would like to check the applicability of the q-exponential fitting to the data for various countries.
Fig. 4 shows Zipf plots of family names for some countries in recent times. The curves in the Fig. 4 are numerical
q-exponential functions by the nonlinear least-square fitting of the data. The estimated parameters {q, k0 , δ} are
summarized in Table 3. It was found that almost all the cases are well fitted by the q-exponential function and well
observed the power-law behavior in the tail of the distribution except for the Korean case. As pointed out in other
references, Korea has relatively small number of family names, i.e. the variety of family names is extremely low.
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Fig. 2. (Color online) Log–log plots of the rank-size distributions of family names in the Japanese society (denoted by circles) and fit to the
q-exponential function (denoted by full line). In the panels (a) and (b), the frequencies are counted in the individual unit and the household
unit, respectively. The panels (c) and (d) denote the expanded tails of the distributions in panels (a) and (b), respectively. In both cases we used
N = 10 000. The estimated parameters are given in Table 2.

The other interesting point is a similarity of the distribution forms between Japan and Manx, although the
population and the number of family name are quite different in the scale. The similarity might be based on the
properties of the isolated natural islands that the immigration rate from outside is relatively low.
4. Summary and discussion
We investigated the applicability of the q-exponential function for the rank-size distribution of family names in
Japan. The result supports the fact that the q-exponential distribution is relevant to the distribution of family names
over the whole frequency regime. The estimated power exponents in the high-frequency regime are larger than those
observed by Miyazima et al. Furthermore, we showed numerical results of the fit to data for family names in other
countries.
As mentioned in the introduction, the family name distribution is sometimes modeled by branching processes
including death rate, birth rate and mutation rate corresponding to the change of family name by marriage. On the
other hand, there are some intrinsic properties in the Japanese family names, such as historical, social, ethnic and
cultural diversity of family names in Japan. We list up them.
– Japan is the isolated natural islands surrounded by the oceans.
– The living people are consisting of only several kinds of races (probably, such as Ainu people, Okinawa people,
Korean-originated people, Chinese-originated people and Yamato-originated people).
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Fig. 3. (Color online) Log–log plots of the rank-size distribution of family names in Japanese society and fit to the q-exponential function. The
different ranges for the rank in the individual unit are used for the fit. (a) 1–1000, (b) 1–7000, (c) 2000–7000, and (d)500–10 000. The estimated
parameters are given in Table 2.

– Most of the Japanese family names were created about 125 years ago. (Even in recent times, instead of family
names, house names are used to distinguish the persons in rural Japan.)
– Most of the Japanese family names were adopted from the names of natural objects, i.e. trees, flowers, animals,
landscapes, seasons, etc.
We think that the last item is strongly related to the individual reason that Japanese family names have rich diversity
as seen in Section 3.1. It can make a variety of combinations. For example, “Yamada” is made of “Yama” with the
meaning of mountain and “da” with the meaning of rice field in Japanese, while “Iguchi” is made of “I” with the
meaning of well and “guchi” with the meaning of mouth or entrance.
We have shown that rank-size distribution of family names can be fitted very well by the q-exponential function
derived by the entropy approach in a more natural way that the entire frequency distributions can be fitted without
specifying the frequency regions. Especially, it is interesting that the global fitting by the q-exponential function
is possible for the frequency distributions of family names of the Japanese, which are realized under such unique
conditions. Such function form of the frequency distributions suggests that it is determined not by precise conditions
but by global conditions such as Tsallis’ nonextensive entropy maximization.
In this paper we dealt with the application of the q-exponential distribution function to the rank-size distributions
of family names only. Obviously, it is possible to apply it to income distribution, city-size distribution, and so on
[38,39].
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Fig. 4. (Color online) Log-log plots of the rank-size distributions of family names in some countries and fit to the q-exponential function. (a) USA
in frequency in percent (N = 1 − 6000). (b)Norway(N = 1 − 3206). (c) Manx (N = 1 − 449). (d) Korean(N = 1 − 228). The estimated parameters
are given in Table 3.
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