PHYSICAL REVIEW B VOLUME 61, NUMBER 19 15 MAY 2000-I

Haldane liquid with mutual exclusion statistics
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(Received 5 November 1999

| study basic properties of a Haldane liquid with mutual exclusion statighitsS), which is a liquid of
quasiparticles interacting only through the MES that are assumed to be parameters as usually done in the
definition of Haldane statistics. By this approximation for the statistics, | obtain the following: The ground state
of the system has multiple pseudo—Fermi surfaces for all species of quasiparticlesTwitenwhere the
pseudo—Fermi surface for each species exhibits the particle-hole asymmetry. | define the dressed energies so as
to satisfy the Sutherland-WBW) functional equations that are the defining relations for the MES, from which
the elementary excitations near the ground state are given. And finally, | show that the SW equations have an
unusual type of duality such as spin-charge duality in the system.

[. INTRODUCTION tems where MFES plays an important role. Therefore, it be-
longs to more broad systems of multispecies quasiparticles
Fractional exclusion statistits’ (FES have been inten- with MFES.
sively studied for recent years and played a very important Such multicomponent systems have been studied in the
role to understand strongly interacting many-body systemsarious low-dimensional systems for a long tifie®’
such as the Tomonaga-Luttinger modérLM),*> the  Sutherlandf first considered the one-dimensional multicom-
Calogero-Sutherland mod€lCSM),® the Haldane-Shastry ponent systems of a mixture of fermions and bosons by using
model (HSM),” and the T-J mod&r*! (TIM) in one dimen-  the generalized Bethe ansatz mettiB&M).*® And Schiott-
sion, the fractional quantum Hall effe¢dFQHE) in two mann used it to obtain the exact result for the one-
dimensiong?~**and the high¥, superconductivit HTSC)  dimensional TIM. Also, the multicomponent systems in the
in three dimension¥> FQHE have been studied by many authdr$’ Thus, this
In the CSM and the HSM, the system of interacting class of systems seems very important in the study of the
particles with 1/ long-ranged two-body interaction behaves strongly correlated systems.
like an ideal gas of quasiparticles with FES. In the former, To understand the physics of such multicomponent sys-
the coupling constant in the interaction between the particlegems, it is necessary to describe the system as a mixture of
defines the FES of the quasiparticles while in the latter thejuantum gases or liquids with MFES, since this approach
system is a semion gas. This situation is also realized in thenables one to apply the quantum statistical mechanics
TLM.*® In the TIM the system is described as a mixture of( QSM) to the problem. Recently, the concept of quantum
gases of spinons and holons with semion stati§titsin the  liquids with the pure FES was reformulated by Sutherfdnd
FQHE213the system of interacting particles with the statis- by using an electrostatic analogy to the FES, and by Igtichi
tical gauge field under a very strong uniform magnetic fieldand Isakow’ in terms of the language of Landau’s Fermi
behaves like a gas or liquid of quasiparticles with FES. In thdiquid theory®*?There the liquid of quasiparticles with FES
odd (even denominator filling systems the interacting elec-in the sense of Haldane and Wuwas called a Haldane
trons behaves like a bosdffermion) gas of quasiparticles liquid.?® As the Fermi liquid theory introduced the famous
with some fictitious fluxt>'* In the HTSC, as was empha- concept of quasiparticles with Fermi-Dirac statistiEDS)
sized by Andersof’ the concept of spin-charge separation isin a Fermi liquid in order to describe electrons in a metal, the
crucially important in these systems. It has been believed tblaldane liquid theory naturally introduces the concept of
be very significant and responsible for the origins of thequasiparticles with Haldane-Wu statisti¢sWS) in order to
HTSC. Spin-charge separation is essentially realized by twdescribe quasiparticles in a liquid with HWS. Here, | would
types of excitations — spin and charge excitations — in thdike to emphasize that | discriminate by the word “HWS”
system. So, the system behaves like a mixture of the twérom the more general definition of FES, so that the HWS

types of quasiparticles of spin and charge. describes a FES only with constant parameters, not with
A microscopic derivation for the spin-charge separationfunctions.
was first carried out on the TLKMthe CSM® the HSM! and In spite of the successful applications of such a concept to

the TIM®11The spin-charge separation was stemmed out aa Haldane liquid with a single HWS of statistical parameter

a consequence of the concept of Luttinger liquids in on€i.e., theg-on liquid), its application to a liquid of multi-
dimensior? Since spin and charge excitations are not indespecies quasiparticles with mutual HWBIHWS) has not
pendent of each other, this effect can be taken care of bleen so well-known yet. To understand thermal properties of
mutual FES(MFES) between the two excitations. This situ- such a system of multispecies quasiparticles with MHWS, it
ation was expected to be correct even for higher-dimensionas$ inevitably necessary to consider QSM of the system in
systems®” However, the system having spin-charge sepaorder to obtain the equation of state for the system. This is
ration is not only the system but there are many other systhe high temperature limit of the system. However, it has
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been extremely difficult to do so except for pure HWS particles in the Haldane liquid.

cases since MFES is given by a set of functional equations  (4) The sum of all effective volumes of pseudo-Fermi

for the Wu’s distribution function$.On the other hand, to spheres per statistics is conserved under the introduction of

understand the basic physical properties of the Haldane licthe statistical interaction between quasiparticleghe gen-

uid with MHWS, it is necessary to consider the ground statesralized Luttinger-type theoren®ne of the main issues in

of the system af=0. This is the low-temperature limit of condensed matter physics is the validity of the Luttinger

the system. This has also been not so well known except faheorem for interacting many-body systeffisn our system

the pure HWS case and so are the excitations as well, sinasf a liquid of multispecies quasiparticles with MHWS it is

the momentum distribution function for each species of quageneralized to a more generalized version. In this case, one

siparticles is a very complicated function through the Wu’scannot obtain such a simple Luttinger theorem for a single

functional equation$.In this way, the system of a liquid of Fermi surface case, apart from the case of the single HWS.

multispecies quasiparticles seems very important in the studinstead, | obtain @aum rulefor the multi-pseudo-Fermi sur-

of the strongly correlated systems as well. In this paper, faces, which can be regarded as a generalization of the Lut-

will study the basic properties of a Haldane liquid with tinger theorem.

MHWS — a mixture of multispecies quasiparticles interact- (5) Elementary excitations near the ground state are de-

ing via MHWS. scribed as an excitation from each pseudo-Fermi surface
The organization of the present paper is the following: InSince there are the multiple pseudo-Fermi surfaces at the

Sec. Il, | will first summarize the main results of the paper.ground state of the system, an elementary excitation near the

In Sec. Ill, I will introduce the formalism for a Haldane ground state is nothing but a collection of excitations of a

liquid. In Sec. IV, I will discuss the ground state. In Sec. V, quasiparticle from an occupied state inside the pseudo-Fermi

I will obtain the dressed energies from the Wu’s functionalsurface to an unoccupied state outside the pseudo Fermi sur-

equations. In Sec. VI, | will prove the generalized Luttingerface — a pair of particle-hole.

type theorem. In Sec. VII, | will consider the excitations near  (6) Thermodynamics of the system is governed by the gen-

the ground state. In Sec. VIII, | will discuss thermodynamicseralized cluster expansionn the high temperature limit of

of the system. In Sec. IX, I will show a type of duality in the the system, the Wu’s functional equations can be solved for

theory. In Sec. X, | will apply our formalism to a quantum the momentum distribution functions by using the general-

liquid of two species quasiparticles with MHWS. In Sec. XI, ized Lagrange theorem for a multi-complex variable func-

I will give a discussion on our theory. Finally, in Sec. XlI, a tions and using the distribution functions the equation of

conclusion is made. state is represented in terms of language of the generalized

cluster expansion. This was recently performed by Igtichi

and studied by Isakov and cowork&rsising computer alge-
Il. MAIN RESULTS bra.

To ease the reference | first summarize the basic proper- (7) The system consists Pf a new type of duality such as
ties of the Haldane liquid with MHWS as follows. spin-charge duality The Wu’s functlona_l equations for the
(1) There is a multiple pseudo-Fermi surface structure atFES represented in terms wf are nothing but the Suther-
low temperatureAs is known, when the MHWS is absent 1and’s equations represented in termszpfior the CSM by
each species of quasiparticles forms its own pseudo-Fernghanging variables such as{;=1+1Mw;.™ These
surface associated to the pure HWS. If the MHWS is presenButherland-WUSW) equations have a new type of symme-
then such pseudo-Fermi surfaces are obviously affected by in the space of the HWS parameters. In our model sys-
the mixing of the MHES. However, as the result, there ap{em, since the naming of the species is free, such a symmetry
pears another set of pseudo Fermi surfaces. may describe a duality of the system. If one species is spin
(2) The particle-hole asymmetry universally exists forand the other specie_s is charge;, then the symmetry describes
each pseudo-Fermi surface such a pseudo-Fermi surface f[he Spln-char%%Gduallty. There is a class of such a symmetry
newly formed for each species of quasiparticles, the momeriD the systent.”
tum distribution of pseudomomenta for the quasiparticles —
momentum density — inside the pseudo-Fermi surface is dif-
ferent from that outside the pseudo-Fermi surface. This lll. FORMALISM

asymmetry gives rise to factionally chargedexcitation in Let us consider the system of a Haldane liquid of

the system. : :
(3) The dressed energies are obtained from Wu's func-SSpecIes with pure and mutual FES ~parameters,

; ; : p’ ,b=1,...S) wherep and p’ are two mo-
tional equation$ at low temperature Following the argu- 9an(P P ) (a
ment oquang—Yaniff for thg BAM. | define %he dresgsed menta in the system. The total numidérenergyE and mo-

energies such that they satisfy the Wu’s functional reIationsr.nentumP and the entropy5 of the system of quasiparticles

- 0
Solving the Wu's equations arourié=0 the dressed ener- € given by N=Z,,n,(p), EZEa,pfg Y(p)na(p),
gies are obtained. In a Fermi liquid the quasiparticle energiegz*zavpp”a(p)' S= kB%a,p{[na’(kp) +n3 (p)]In[n(p)
are not affected by the presence of other quasiparticles. Howt Na (P)]  —na(pP)INny(p) —nz (p)Innz(p)}, respectively.
ever, in a Haldane liquid with MHWS, the quasiparticle en-Here, e{’(p) is the one-particle spectrum of quasiparticle
ergies are strongly affected by the presence of other speci&éth speciesa when no MFESn,(p) is the momentum dis-
of quasiparticles via statistical interaction of MHWS. Thesetribution function of quasiparticles of speciesand n} (p)
affected energies are the dressed energies. So, this situatitire hole distribution function for speciesandkg the Bolt-
may cause a dramatic change of the spectrum for the quasimann constant. The MFES is now defined through
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Na(P)+ N5 (P)=1— 2 [Gan(PP') — Sandp.p INb(P’)
b,p’
1)

fora,b=1,... S
Let us take the extremum of the generalized thermody
namic potentiall(=E— X, na(p) — TS assQ =0 where
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pseudo-Fermi sphere in the ground state at @, which is
the generalization of the result for g-on case:n(p)

=1/g(=0) if e<(>)u=¢eg. Furthermore, when all
e(p) — ua=0, I find

n(p)zg na<p>=§ (GsHap=0sGs'ds, ()

ma is the chemical potential for quasiparticles of species

a. After some algebra wusing the definition of
Wa(p)=n%(p)/n,(p),?® | obtain the equation of state,
PV(=—-Q)=kgTZ,pIn(1+1M,(p)) and N=Z, ;n.(p)
=3 ,,p2a0l 9Z5(P/KgT) in terms ofw,(p), which satisfy the
Wu’s functional equatiorfsfor the Haldane liquid as

Wb(p,) gba(p’vp) 1
1+w BRI = 2
( a<p>>};[, Trw(p') wp @
fora,b=1,...S. Herexa(p)zeﬁ(“afg(ao)(p”zzae*ﬁg(ao)(p),

with 8= 1/kgT andz, the fugacity for quasiparticles of spe-
cies a. And | have na(p)zlﬁsla(p)/Ds(p) where Dg(p)

= def{W.(P) Sandp,pr + 9an(P,p')] and Ds4(p) is given by
replacing all elements in thea(p) column by 1.

For example, when the MHWS interaction between the

species of quasiparticles is taken care of @y,(p,p’)
= gab5p,p’ , | get Dg(p) = defw,(p) ap+9ap] and DS,a(p)
is defined by replacing all components in #h column by
1.
| would like to remark the following: Fukui and
Kawakam?® have introduced a similar approach in the one-

dimensional multicomponent systems and their approach is

maintained in even higher-dimensional systérfis How-

ever, the essential difference between their approach and

whereds is an S dimensional column vector defined loly
=(1,...,1f and d‘S its transposed vector.

This result exactly coincides with that of the Halperin's
ground statel . m n for the multi-quasiparticle systems in
the FQHE (Ref. 20 if | identify as m,=g4;,M_=(gy,,N
=(01,=0,;. The above generalized results of E¢3). and
(4) to the multi-species case coincide with those for the TL
liquid using the BAM?! the edge states in the FQH liqui,
and the FQH liquid using the hierarchical methbt?*and
the conformal field theor$®

Substituting the above into the expressions for the total
number and the total energy, | find

Ve,

Qaa(27H)P’ ©

N —Vf —de =
a— (Zﬁﬁ)Dna(p)_
where Vg , is the volume of the pseudo-Fermi sphere for
species a given by Vg o=[j<p.  d°p=="4T(D/2
+ 1)pEYa with I'(s) theT function, andV andD the volume
and the dimension of the system, respectively. Solving Eqg.
(5) for pg,, | obtain the pseudo-Fermi momentupg ,
[9aa(27%) P/ 7P2T(D/2+1)d,]*°  where dy=N,/V.
Hence, the pseudo-Fermi energy , is given by er
fiszVaIZma for the parabolic band. Similarly, | get the

ours is that in our approach for a Haldane liquid in higherdround state energy for quasiparticle of species

dimensions one can treat not only a pseudo-Fermi surface

with spherical symmetry but also the one with any geometry

On the other hand, in their one-dimensional systems the

pseudo-Fermi surfaces are orggints Therefore, more va-

rieties may appear in the Haldane liquids in higher dimen-

sions. In this paper, | restrict myself to consider only the
spherical pseudo-Fermi surface case.

IV. THE GROUND STATE

Let us consider the ground state of the systei-a0. In
this limit, x,(p)=ePca P #=0(x) if &(p)— pa=0
(>0) whereu,=¢f 5, the pseudo Fermi energy for species
a. This imposes a condition fow,(p) by Eq. (2) such that
Wo(p)=0() if £(p)—ua=0(>0). Using this ton,(p)
at theT=0 temperature, | find

)

for all €(p)—u,<0(>0) (a=1,...S), where | have
defined Gs=(gap), |Gs|=0det(@ap)=Dglw,0 and |Gs|
=Dsalw,—0 such that sigGg))=sign(Gs,l) since the

D
E—t P o

gaa‘flplgpF,a(ZWﬁ)D 8a

his obviously depends upon the explicit form of the one-
particle spectrurmgo)(p) for a free quasiparticle without
MHWS interaction,g,,(a#b). The total momentum of the
systemP=0 since the ground state momentum distribution
is symmetric for|p|<pg 4.

(p). (6)

T

V. DRESSED ENERGY

Another representation is applicable to describe the above
system. For this purpose, | assume that all quasiparticles of
speciesa are fermionswith the dressed energy.(p). Sup-
pose that the momentum distribution functiog(p) is given
as the FD distribution functionng(p)=1/(efaP +1),
which is obtained from definingwg(p)=ng(p)/n:(p)
=ef*a(P) andng(p)+n¥(p)=1. Substituting these into Eq.
(2), | find for the dressed energy

&a(p)= 8210)( P)— mat kBT% (9pa— Sap)IN(1+ e Ben(P)y
(7)

densityn,(p) must be positive and,, represents the effec- This is called the thermal BAMTBAM) and was first intro-
tive statistics for quasiparticles of spec@sThe above result duced by Yang and Yarigfor the exactly solvable many-
means thatthere is the particle-hole asymmetry in each body systems a long time agb.
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The second term in the right hand side of Ef). essen- v vV
. . . ; F.,a F.,a
tially describes the contribution to the energy at momentum Theorem 1: >, => =2 (9)
p coming from other quasiparticles with MHWS as the sum a Yaa '@ aa

of the effective pressureBq(p) =kgT |n(1+efﬁsa(p_))- Inthe  This theorem means théte total sum of the effective vol-
T=0 limit, kgTIn(l+e Bea(p))=_—8a(p)(:0_)_ if a(P)  umes for the pseudo-Fermi spheres in an ideal Haldane gas
<0(>0). Equation(7) together with this condition provides, is conservedinder the introduction of the statistical interac-

in general, 2 cases. Let us write{,—, ...,+) according  tion between different species of quasiparticles with MHWS

to whether or notey(p)>0 for a=1,...S, such inaHaldane liquid. The above theorem can be thought of as
as (—,...,—) [(+,...,7)] for e,4(p)<0O(>0) for a generalization of the Luttinger's theorem for a Haldane

all a=1,... S Hence, from Eq.(7), for the case of liquid with pure HWS?®

(= - =) 1 find SpGna(en(p) — pp)=e(p) for ab

=1,..., S. Solving for the dressed energy by using Cramer VII. ELEMENTARY EXCITATIONS

formula, | get NEAR THE GROUND STATE

Let us consider elementary excitations near the ground

_ 1 Ry state, which are finite numbers of particle-hole pairs obtained
Sa(p)_% (Gs vl en (P~ o], ®) by taking particles of speciea from statesp, , below
the pseudo-Fermi surface of species to states py |,

above it. The energy and momentum are given by
which satisfiesS e ,(p) =2,(1/0,.) ¢ P(p) apart from a

constant term, as expected. And for the case f (.., AE:E_EOZEa,pSgO)(p) ona(p)
+) 1 find sa(p)zsgo)(p) for a=1,...S. Here the off- b
diagonal terms in the above equation are the nontrivial con- Zap€alP)ONE(P) =24 ol £a(Pa,0) — €a(Pa,a) ]

tributions from the MHWS interaction, which is not treated and
by the standard argument in the Fermi liquid theSrihe
above argument has been used to the system in the FOHE. AP=3, ,pon,(p) =24 ,PNE(P) =24 o(Pao— Pa.a)-

For example, consider the case &=2. For the o ) .
case of ,—), | find e(p)=(92s!|G:|)[e{D(p) — 1] For the sake of simplicity, let us consider the two species

_ /G O(p)— w,]1, —(—a../|G (0) case ofS=2, where there are two pseudo-Fermi surfaces
—53131+|(9213}|22|§F150f{53—/.LZ{DI):OI’( thglzcgseﬂ)cgfi,(—p; given by eg ,(a=1,2). Consider a particle-hole excitation,

, i . In this case, there are four possibilities:
or -+ | find 1/g,)[? assuminge ;< &1 f
[ ( )E )()]) ( / ‘lg)l(F) (( )g 1)[8] ({F;))r /.L(l]) (a) 8F,2<8h,1<8F,1! 8p,1>8F,1; (b) 8h,1<8F,2! sp,l>8F,l;
& p 82 p M2 glz gl 81 p M1 &1 p (C) 8h,2<8F,2<8p,2; (d) 8h,2<8F,2’ 8p,2>8F 1 Where

0) _ 0) )
=ei7(p) — 11— (921/922[e57(P) ~ 2], £2(p) = (1/g2) epalena) Means the energy of particldole) of speciesa

[8(0)0(P) wm2]}- And for the case of £,+), I obtainei(p) =1 2. (a) and(b) [(c) and (d)] represent particle-hole exci-
=e{(p)— 11, e2(p)=eL(p) — 2 tations of a quasiparticle of speci@§2). Accordingly for
the four cases, by using the dressed enéEyy. (8)] | find
VI. GENERALIZED LUTTINGER TYPE THEOREM (@ AE;=¢ )(pp )= pi— (1/911)[8(0)(ph )=l
Let us consider the Luttinger type theorémfor a () AE;=¢ O(pp,) 11— {(922/|G2|)[8(0)(Ph1)
Haldane liquid with MHWS. To do so, let us first consider —Ml] (912/|G2|)[82 (Pn,D) — 12}
the volumeV{®), of the pseudo Fermi sphere for free quasi-(C) AE,=(Ug1)[e(pp2) — Mz] {(gll/|Gz|)[8(0)(ph,2)
particles of species in a Haldane gas without MHWS, —,ul] (921/1G2) [ (Pro) — ,uz]}
which is given by Eq(5). Suppose that the total number of (d) AE,=&{ (ppz) Mho— {(glll|G2|)[el (Ph,2)
free quasiparticles of all species is fixed sAt zero tem- = w1l = (921/1G N [eX(Pr 2) — 2]}

perature whergw,= ¢}, the HW distribution function has

the following property:n,(p)=1/g..(=0) when £(p) K i

<el) [eP(p)>e)] for all a=1,...S. Substituting (& AP1=Pp1~Pr1Pp1~ (1/912)(Ph1— Pr 1P 2);

this into N=X, ;n,(p), | obtain N= 2 all8aa2p 9[8(0) (b) Api=ppi— pF,lE)p,l_[(QZZ_ 912 /|G| 1(pn 1

-eO(p)]1= V/(Zwﬁ)DE aVP)/gaa, Where 6(¢) means a Y

fsc'gtrap;;l;r;:égn and/ /gaa the effective volume per statistics © Ap,= (1/911)£I0p,2— pF,2[3p,2) —[(911— 921) /|G| 1(Ph.
Let us next consider the volumé: , of the pseudo Fermi B pF'th'zz’

sphere for quasiparticles of speciaswith MHWS in a  (d) Ap,=pp2—PrPp2—[(911—921) /|G| 1(pn 2

Haldane liquid. In this case, the total numbé¥ is —PE oPho).

similarly  given by N=Ea1/§aa2p0[spya—sa(p)] o

=V/(27-rﬁ)DEaVF'a/§aa, wheree ,(p) is the dressed energy Heref)p,a(f)h,a) is a unit vector alon@,, .(pn,a)- The excita-

for quasiparticles of species Since the total number of all tion spectrum for each case is obtained by eliminappg

quasiparticles is conserved, | conclude the following theo-andpy , from the expressions, which provides a dispersion

rem: relation: E= E(p) identifying asAE=E andAp=p.

On the other hand, the momentum change is obtained as



PRB 61

VIIl. THERMODYNAMICS

Let us consider thermodynamics of the system. In Q8M,
it is well known that the grand partition functio@ for an
Sspecies gas can be written as

N3N

Ns
NZ1 2, .

<t Zg

Q=§ >

N=0 s —
2alea_

Qn,N,- (10)
N

Here Qu,n,---Ng (=Qn) Is the microcanonical partition

function ofN particles and,=e##a, u, the chemical poten-
tial of speciesa and N, the number of species, respec-
tively. Thermodynamic potentiad) (the total pressurd®)
and the total numbeN of the system are given fro® as
O=—-PV=—=kgTINQ and N=Z,N,=2,2,9/9z,In Q.
SinceQ is expanded a® =1+ Q4q...0z;+ - - -, INQ must be
expanded as (V)In Q=by,...qz;+ - - -. Hence Q2 andN can
be expanded in the form of the cluster expan¥las

[}

Q P

— e — 1 |2. X lS
VkBT kBT L=1 ESE| —L bll'Z""SZl 22 ZS )
a=la
11
N_ l1 02 Is
v:E Z Lb|1|2"'|52122”'25' (12)

£=1 487 _
S la=L

whereb, |,...;; (=b.) are called cluster coefficients.

In our case of the Haldane liquid with MHWS, tlGgis
given byQ:E—TS—Eil,uaNa. Taking an extremum in
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Singularities in the functions are related to the existence
of a phase transition as a generalization of the Lee-Yang
theorent'® For the one-species case®# 1, one can write as
P/kgT=F(2)=3_,b,Z' andN/V=2zd/9zF(z)=3"_,Ib,Z.
Then, Lee and Yang's theoréftells us thaif there exists a
singularity of Hz) on the positive real axis of a complex
z-plane, then there is a phase transition in the sysfEmere-
fore, the convergence of the cluster expansion is exactly re-
lated to the existence of a phase transition of the system.
Thus, the explicit evaluation of the cluster coefficients is
very important for the theory of phase transition. Recently
some efforts have been done to understand this problem of
singularities in the generalized cluster expansibris.

IX. TYPE OF DUALITY

Let us consider a type of duality in the theory of the
Haldane liquid with MHWS. Let us first consider the case of
single species oS=1. When an operation preserves the
form of the SW equation such thgt=1+x(1 9—¢' =1
+x'¢'179 asg—g’, x—x’ and¢—¢’, it is called a dual-
ity. There are two kinds of duality defined by the replace-
ment of the statistical parametgr (1) o: g—1—g, x—

—x and {— 1/, supersymmetric duality(2) : g—1/g, X
—x~ Y and —¢/({—1), particle-hole duality | find that
the following relations are satisfied?= o?=(7r0)3=e (i.e.,
ToT=0o70). Hence, these generatdrs,o) form a dihedral
group of order six and can be regarded qasasimodular
transformations acting on the SW equatidrs 1+ x179.
These quasimodular transformations of duality also act on

order to give a most probable contribution of free energy, théhe cluster expansion to induce a particular symmetry for the
momentum distribution functions are governed by the Wu’squasihypergeometric functiohi.

equation of Eq(2), which can be mapped into tHeuther-
land’s equation

ga:1+xa];[ Zpeb%e (13)
fora=1,....S, where{,=1+ 1/, where the distribution
functions are given bi,=z,9/9z,In Q=2,2,d/ 3z,In {4(p)-
Recently, Eq.(13) has been analytically solved faf, in
terms ofx, such that{,= (X4, - . . Xg) by using the gen-

eralized Lagrange theorem for multi-variable complex func-

tions. Hence, th& andP of the system can be calculated as
the cluster expansions with respect to the fugacitjesuch
as

: (14

Where LS: Tl|1+ T2|2+ st Tsls W|th Ta=— ma/ml, the
mass ratio, and

cf1, 1= Csallp=1 (1)) (8= 1)(8p=2) - - -[Sp— (I, = 1)]

where Cs, is a determinant obtained by eliminating the
(a,a)-component from dét,(S.p—09pa) —Sa]l and s,
=35 11p(8an— Jan) ->* These types of functions have been
called thequasihypergeometric functiofi$*® which are the

generalization of the standard hypergeometric functions of

multi-complex variableg®

For the case o5=2, there is a similar group structure.
Denote 2<2 matricesG, andG’ , by G,=(g,,) andG’,
=(0ab—ab)=(9’ an) such that|G,|=det(g,p) and |G’
=det(@’ 4p) for a,b=1,2. Let us define the following gen-

erators:
9’ 11 9’12) (9,22 9/21)
eG, = ! ! 1 G, = ! i ’
2(921922 pr= 2 Jg12 91
(15
G’ (1_9’11 _9'12>
g = 3
e 9’21 9’2
G’ ( 9'n 9'12 ) (16)
o =
Zo -9’21 1-9'2»
1 9" 12
G’ 9'un 9'u
T ! ! 1
S N (PP [l
9’11 9'n
IG'2l  9'w2
, 9’2 9' 22
.G’ 5= 9 m 1 (17)
9’2 9’2



12 762 KAZUMOTO

These quasimodular generatdrs ,o1,0,,71,7,) act on the
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wherez,=eP*a are the fugacities. The momentum distribu-

SW equation of Eq.(13) and form the group of order tion functions are obtained by solving Eq22) and (23):

72 (=62x21) with the defining relationg?= 5= 05= 75

=T§=e, 01092= 0201, T1Tp=TyTy, T101T1=01T1071, and
T,0,T,=0,7,0,.°0 Thus, since one can identify species
1(2) ascharge(spin degree, this type of generators con-
structs a new kind of duality such as thigin-charge duality

The above argument can be straightforwardly generalized to

Wo(P) + 022~ 912
[W1(p) +911][W2(P) + 922 — 912921

ni(p)= (26)

W1(p)+d11— 921
[W1(P)+9111[W2(P) + J22] — 912021

na(p)= (27)

the S species case. The number of such generators is given

by 6°S! such that they form a finite groug=S3xSs,
which reveals a new symmetry in the theory.

X. APPLICATION TO A HALDANE LIQUID OF TWO
SPECIES QUASIPARTICLES

To show the advantage of the above rather formal ap-
proach, | apply it to a two component system such as a

mixture of two quantum liquids with HWS. Suppose that the

momentum distribution functions of the two species are

given byni(p) andn,(p), respectively. And the statistical
parameters are given by the mat®s=(g,p) for a,b=1,2
and|G,| =det(G,) =g11922— 912021- S0, in this description,
one can regard the specieg2) as “up (down) spin.” Al-

Let us first consider the low temperature limit. Equations
(26) and (27) provide the momentum density in the ground
state wherT=0 as

9229 1

ny(p)= "1 == (for [pl=<pey), (28
G2l gy,
91190 1

nP= =i == (or lpl<pro, (@9

22

where the pseudo-Fermi momenta: , are given by
Na= (1922 V/(27h)P [ p<p. .d°p. And the ground-state
energy Eo and the total momentumP, are given

though only the two species case with MHWS is concerned®y Eo= Za-1A1/9,0) V/(27Tﬁ)Dfpsvaasgo)(p)de, Po

in this section, one can obviously generalize the theory to the. s
. . . a
multispecies case and to the more general FES with momen-

tum dependence.
Now, thermodynamic potentialQ=E— w;N;—uiN;

=TS E=3a 1 60(P)Na(P), Na=Zpna(p).
S=kgZp{[na(p) +n3 (P)]IN[Na(p) +n3 (p)]
—Na(p)INNna(p) —nZ (P)INnZ (p)}.
The HWS is introduced by the definition:

ny(p)+n3(p)=1—(g1;— )Ny (p) —gnx(p), (18

Na(p)+n3 (P)=1—021n1(P) — (92— L)Na(p). (19

By taking the extremum conditioAQ)=0, | find the Wu’s
functional equations for the two species case:

W 921
W?“<1+wl>1‘g“(1 2 ) —efC-m) (20

+w,

91

2
W322(1+W2)1*922 :eﬁ(s(zo)*ﬂz)’ (2D

1+w;y

wheres{9=¢{9(p) andw,=w,(p) that are defined by

(W1(p)+910Nn1(P) +921n2(p) =1, (22

g12n1(P) + (Wa(p) + g2 Na(p) = 1. (23

If | use change of variables/,=1+1M,, to the above
equations, then they are transformed to the Sutherland
form:

L1420y g0, (24)

{o=1+2,0, 902, 922, (25)

:1,2(1/gaa)V/(27Tﬁ)Dfpgprapde=0.

Let us consider the dressed energies, following the argu-
ment in Sec. V. Let us define the dressed energigp)
such thatw,(p) =e#*a(P), Substituting to Eqs(20) and (21),

| obtain

£1(P)— (911~ 1)k T In(1+e #e1P) — g, kT In(1

+e PP =0 (p) — pus, (30

2(P) — (920~ 1)k T In(1+e~Ae2P)) — g, ke T In(1

+e 1) =) — . (31)

Consider theT=0 limit. For the case ofe;(p)<0 and
£,(p)<0, denoting by ,—), I find

91181(P) +gare2(p) = P(p) — 11, (32

91281(P) + Gaze2(P) = e$(p) — . (33

As was obtained in Sec. V, solving for the dressed energies,
| obtain

(0)

el<p>=|f;—j[el (p)— pa]— é—j[s‘;”(m—m], (34)

eaP)=~ G [P ]+ [ [eP) ol
35
,Iéor the case of {,—), | find >
e1(p)= giu[sg‘”(p)—m], (36)
e2(p)=efp) ~ o= LePp) -l (37
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Similarly for the case of {,+), | find

sl<p>=s&‘”(p)—ul—g—z[sé‘”(m—m]. (39)

From the above, the first virial coefficients are given by
a;0=bi0=1 anday;=by;=1, and the second virial coeffi-
cientsa,g, aj1, andag, are given by

2g913—-1
1 az0= —b20o= SIFDI2 (48)
s2(P)=—T{&5"(p)— pal. (39
922 +
—p 9127021 (49)
And for the case of ,+), | obtain an= ~bu= 5o
s1(p)=e7(p)— 1, (40) 2951
ap2= —bo2= SIFDIZ - (50
— -0)n)—
e2(p)=e37"(p) : (41 .
2P 2" (P) = #2 Hence, the pressure is expanded as
Using the above dressed energies, the excitations near the D

ground state have been obtained in Sec. VII. So, | omitthe  p_ . T 1+)\_(azon§+ a1NiNy+agns) + - |,
derivation here. The dressed energies are very important n

when one applies to a physical problem. For example, let us (51
consider the TIM in one dimension. As is well known, therewhere n=n;+n,=(N;+N,)/V. Defining m=n;—n,

are the holon and spinon bands in the systethAnd origi-

=(N;—N,)/V, | can rewrite the second term as

nally the holon spectrum is dispersionless such that the en-

ergy is a constant as,= 72/6 in the thermodynamic limit of

ayoN2+ay NN, + aghs=3(An?+2Bnm+Cn?),

N—o, while the spinon spectrum is given by,=(p? (52
—?)/4. So, it means that holons are originalbcalized where
However, if there is statistical mixing by;, andg,;, then
holons can belelocalizechaving a dispersion of the dressed 1
energy. Therefore, holons become able to move by the A=zt an+ a0~ 5o7m(011+ G922+ 912+ 921~ 1),
MHWS interaction between spinons and holons. This is a (53)
novel kind of metal-insulator transition due to MHWS
Let us next consider thermodynamics of the system as the 1
high-temperature limit. In this case, from E484) and (25) B=az0~ 02~ 5072(911~ 922), (54
one obtains the equation of state for the system in terms of
the language of the generalized cluster expansions 1
b e C=ag—an+ aozzz_olﬁ(gll‘i“ 020~ 912~ 921~ 1).
— = > 172 55
kBT }\Dll%:() b|1|221 22, (42) ( )
Therefore, | obtain the equation of state as
N LS ity 2 43 AP
VDL (i +12)by,2)25, (43 P=nkgT| 1+ H(An2+28nm+Cm2)+ -], (56)
M 1 &, oty This leads to some important conclusion®) If gq;
Vo )\_Dll%:() (li=12)by 1,227, (44  =g,,, thenB=0. Hence,charge degree can be separated

where’ means thé,=1,=0 is excluded in the sum and the

generalized cluster coefficierit)§;1|2 are given by

2
11921112012

1
blllzz_Wﬁ (Sa=1)---[sa—(la—1)],

a1 la!
(45)

b 0= (T 5 1,72 m(sl— 1)---[s1=(I1—1)], (46)

1
boi, = T, (27 D[S (1= D)), (47)

where s;=11(1—-911) —1912,5= = 11921+ 12(1 -9, and
A= 27#%/mkgT, the thermal length, and=m,/m;, the
mass ratiol assumer=1, below.

out from spin degree (2) If gio=—gy;, then A=C

=(1/2°"?)(gy1+9,—1); (3) Combining the above two
cases, ifgy;=0,, and g;,=—g,;, then A=C=(1/2°"?

X(2911,—1) and B=0. Hence, if g;;>1/2(<1/2), then
charge and spin degrees behave like fermigh@sonig.

XI. DISCUSSION

| would like to put some notions for our formalism of
MHWS. In Egs.(18) and (19 | have used the momentum
distribution functionn,(p) for each species. However, this
can be done in an alternative way as follows. If | define the
p(p)=[n1(p)+nx(p)1/2, p*(p)=[ni(p)+n3(p)}/2, and
a(p)=[n.(p) —n2(p)1/2, then ny(p)=p(p)+o(p) and
n,(p)=p(p) —o(p), where | have assumed thai*(p)
=n}(p)—n3(p)=0 since the hole distribution functions
ni(p) andn3(p) are supposed to be the same for the par-
ticles. Substituting these in Eq&l8) and(19), | find
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p(p)+p*(P)=1—(Kcc—1)p(p) —Keso(p),  (57)
a(p)=—Ksep(p) = (Kgs— 1) o(p), (59

where the parametets,;, are defined by
chzgn"‘ gzz‘gglz‘F 921, (59
K, o= 911_922; gt 921’ 60
K, - 911—922‘; Q10— 921, 61)
Kss:911+ 02— 012~ 921. 62

2

These are very similar to the expressions in the general,

ized BAM for the two-component systerfis:*'8°|ndeed,

KAZUMOTO IGUCHI
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are repulsive (attractive, respectively. And if Koo+ K,
=0(B=0), then the spin-charge separation is realized. This
is a generalization of the discussion by ¥ar theg-on case
where the second virial coefficient is given by=(1/2°"2)
X(2g—1) such that the equation of state is given By
=nkgT(1+APna,+-..).3

XIl. CONCLUSION

In conclusion, | have discussed various aspects of the
theory of a Haldane liquid with MHWS. | have shown that
many properties of the Haldane liquid are shared with those
of the multi-component liquid such as the TL liquid in one
dimension and FQH liquid in two dimensions. | have also
shown a type of duality inherent in the theory. To show the
advantage of the present theory and to show what is going on
in the problem, | have applied it to the Haldane liquid of two
species quasiparticles in detail. And | have discussed an al-
ernative approach using the separation of charge and spin
degrees to the approach based on the two species.

sinqe spin degree ig not a real one, the PS?UdO momentum Tpq present theory seems rather mathematical since the
distribution of the spin degree does not contribute to the tot&efinition of FES is certainly restricted to be the HWS where

pressure such that

_ kgT

P=V

1+

1

In , 63
% Wc(p)} ©3
where w,(p)=p* (p)/p(p)=e”*® and n=23p(p), m
=23,0(p), andE= X ec(p)p(p)-

Now, the relationship between the parametégg and the
parameters\,B,C in the previous section is apparent. | ob-
tain

| 2K 1
A= D7 (64)
K..+K
= %ch, (65

2K~ 1
C= Wz_' (66)

In this way, the parametels,, can be regarded as MHWS

the FES are parametrized by constants and in reality there
may exist more general definitions of FES as was empha-
sized by Andersof® However, | feel that the concept of
Haldane liquids with MHWS is important as a candidate in
order to understand non-Fermi liquid behaviors of the
strongly interacting many-body systems in higher dimen-
sions. In this context, the relationship between the Haldane
liquid presented in this paper and the bosonization approach
to the non-Fermi liquids in higher dimensidré!*?is worth
investigating. Furthermore, it seems very important to study
how the MHWS parameters are obtained from scattering ma-
trices in the scattering process between multispecies quasi-
particles in reality as was discussed in the pure HWS thse.
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