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Generalized Lagrange theorem and thermodynamics of a multispecies quasiparticle gas
with mutual fractional exclusion statistics

Kazumoto Iguchi*
70-3 Shinhari, Hari, Anan, Tokushima 774-0003, Japan

~Received 22 December 1997; revised manuscript received 26 May 1998!

We discuss the relationship between the classical Lagrange theorem in mathematics and the quantum
statistical mechanics and thermodynamics of an ideal gas of multispecies quasiparticles with mutual fractional
exclusion statistics. First, we show that the thermodynamic potential and the density of the system are ana-
lytically expressed in terms of the language of generalized cluster expansions, where the cluster coefficients are
determined from Wu’s functional relations for describing the distribution functions of mutual fractional exclu-
sion statistics. Second, we generalize the classical Lagrange theorem for inverting the one complex variable
functions to that for the multicomplex variable functions. Third, we explicitly obtain all the exact cluster
coefficients by applying the generalized Lagrange theorem.@S0163-1829~98!03335-9#
ve
th

s
.
or

el
e

th
io
.

he
e
E
m
s
o
g
s
it
a
o
cu

n

ec

ic
io
es
e

ra
a

ns
ible
lytic

al
r the

hat
xact
pe-

In
em.
’s
S.
and
ys-
al
le
-

s. In
s to
se-
e

s to
sys-

-

i-
I. INTRODUCTION

The concept of spin-charge separation1 has attracted much
interest from physicists in recent years. It has been belie
that the concept is very significant and responsible for
origins of highTc superconductivity,2 quantum Hall effect,3

anyon superconductivity,4 and Mott transition.5 The spin-
charge separation is essentially realized by the two type
excitations—spin and charge excitations—in the system
microscopic derivation for this was first carried out f
the Tomonaga-Luttinger model~TLM !,6 the Calogero-
Sutherland model~CSM!,7,8 and the Haldane-Shastry mod
~HSM!.9 The spin-charge separation resulted in the conc
of Luttinger liquids in one dimension.10 Since the spin and
charge excitations are not independent of each other,
effect can be taken care of by mutual fractional exclus
statistics~MFES! ~Refs. 11–15! between the two excitations
This situation was expected to be correct even for the hig
dimensional systems.16 However, the system having th
spin-charge separation is not the only system where MF
plays an important role; there are many other such syste
Therefore, it belongs to a broader category for the system
multispecies quasiparticles with MFES. Thus, this class
systems seems to be very important in the study of stron
correlated systems. To understand the thermal propertie
such a system of multispecies quasiparticles with MFES,
inevitably necessary to consider quantum statistical mech
ics ~QSM! of the system in order to obtain the equation
state for the system. However, it has been extremely diffi
to do so, except for the pure FES cases,17–19since MFES are
given by a set of functional equations for Wu’s distributio
functions.12

Recently, some efforts have been made in this dir
tion.20–22 Isakov, Mashkevich, and Ouvry,20 Mashkevich,21

and Isakov and Mashkevich22 have presented the analyt
expressions of the cluster coefficients of cluster expans
for the systems with MFES. In order to obtain the expr
sions of cluster coefficients in the cluster expansion, th
explicitly expanded Wu’s functional relations up to seve
order terms of the expansion by using computer algebra,
PRB 580163-1829/98/58~11!/6892~20!/$15.00
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for all the higher order coefficients the analytic expressio
were conjectured. Although their results seem very plaus
and reasonable, we have been unable to justify the ana
expressions of the cluster coefficients.

In this paper we would like to show that the classic
Lagrange theorem and the Lagrange series expansion fo
functions of one complex variable23 can be generalized to
those for the functions of many complex variables, and t
these generalized results enable one to obtain all the e
cluster coefficients in the cluster expansion for a multis
cies quasiparticle gas with MFES.11–13

The organization of the present paper is the following.
Sec. II, we introduce the QSM for a multispecies gas syst
In Sec. III, we review Haldane’s definition of FES and Wu
QSM formulation for the system of an ideal gas with MFE
In Sec. IV, we generalize the Sutherland transformation
we formulate the cluster expansions for a multispecies s
tem with MFES. In Sec. V, we generalize the classic
Lagrange theorem for inverting single complex variab
functions to that for inverting multicomplex variable func
tions. This provides the generalized Lagrange expansion
Sec. VI, we apply the generalized Lagrange expansion
obtain the exact coefficients of the generalized Lagrange
ries for the multispecies systems with MFES. In Sec. VII, w
apply the coefficients of the generalized Lagrange serie
represent the exact cluster coefficients for many physical
tems. In Sec. VIII, we draw conclusions.

II. QUANTUM STATISTICAL MECHANICS

In QSM,24 it is well known that the grand partition func
tion Q for an M -species gas can be written as

Q5 (
N50

`

(
(a51

M Na5N

QN1N2•••NM
z1

N1z2
N2
•••zM

NM . ~1!

Here QN1N2•••NM
(5QN) means the microcanonical part

tion function for N particles andN5(a51
M Na such thatNa

5( iNi
a , whereNa is the number of speciesa and Ni

a the
6892 © 1998 The American Physical Society
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number of speciesa of a good quantum number,i , respec-
tively. za5exp@bma# stands for the fugacity of speciesa
where ma is the chemical potential of speciesa and b
51/kBT. The thermodynamic potentialV and the total num-
ber N of the system are given fromQ as

V52PV52kBT ln Q, ~2!

N5(
a

Na5(
a

za

]

]za
ln Q, ~3!

respectively. As we can expandQ as Q511Q10•••0z1
1•••, we can expand lnQ as (1/V) ln Q5b10•••0z11•••.
Hence, we can expand theV andN in the form of the cluster
expansion24 as

2 V
VkBT

5 P
kBT

5 (
L51

`

(
(a51

M l a5L

bl 1l 2••• l M
z1

l 1z2
l 2
•••zM

l M ,

~4a!

N
V

5 (
L51

`

(
(a51

M l a5L

Lbl 1l 2••• l M
z1

l 1z2
l 2
•••zM

l M , ~4b!

wherebl 1l 2••• l M
(5bL) are the cluster coefficients.24

For the one-species case ofM51, one can writeP/kBT
5F(z)5( l 51

` blz
l and N/V5z(]/]z)F(z)5( l 51

` lblz
l .

Then, Lee and Yang’s theorem25 tells us thatif there exists a
singularity of F(z) on the positive real axis of a complex
plane, then there is a phase transition in the system. There-
fore, the convergence of the cluster expansion is exactly
lated to the existence of a phase transition in the syst
Thus, the explicit evaluation of the cluster coefficients
very important for the theory of phase transitions. Howev
since usually it is extremely difficult to analytically obta
the exact cluster coefficients for the multispecies cases,20–22

much knowledge is still absent. The present paper will sh
that one can obtain the exact cluster coefficients for the
tem of a multispecies quasiparticle gas with MFES.11–13

III. MUTUAL FRACTIONAL EXCLUSION STATISTICS

A. Haldane’s definition of MFES

Haldane’s original definition of FES~Ref. 11! is general-
ized to the definition of MFES with a set of good quantu
numbers so that the statistical interactionsgi j

ab are given by
the differential relations

DDi
a52(

b, j
gi j

abDNj
b , ~5!

whereDi
a is the dimension of the Hilbert spaceHi

a of states
of a single particle of speciesa and good quantum numberi ,
confined to a finite region of matter.Di

a can change as par
ticles are added, while keeping the boundary conditions
the size of the condensed-matter region constant.Di

a is given
by the integrated form

Di
a5Gi

a2(
j ,b

gi j
ab~Nj

b2d i j dab!, ~6!
e-
.

r,

w
s-

d

where Gi
a is a constant and interpreted as the number

available single-particle states of speciesa with good quan-
tum numberi when no particle exists in the system.

B. Wu’s formulation of QSM with MFES

Following the argument of Wu12,16 for the QSM formula-
tion of the MFES ideal gas, we define the microcanoni
partition functionQN by

QN5(
Ni

a
W~$Ni

a%!e2bE~$Ni
a%!, ~7!

W~$Ni
a%!5)

i ,a

@Di
a1Ni

a21#!

Ni
a! @Di

a21#!
, ~8!

whereE($Ni
a%)5( i ,ae i

aNi
a . The most probable distribution

of Q is given by taking the extremum conditio
d/dNi

a$ ln W($Ni
a%)1(j,bb(ej

b2mb)Nj
b%50. This yields Wu’s

distribution functionwi
a :

wi
a5

1

ni
a 2(

j ,b
g8 i j

ab
nj

b

ni
a , ~9!

~11wi
a!)

j ,b
S wj

b

11wj
bD gji

ba

5eb~e i
a
2ma!, ~10!

whereni
a[Ni

a/Gi
a andg8 i j

ab[gi j
abGj

b/Gi
a . Now, the thermo-

dynamic potentialV and the total numberN are written as

2
V

VkBT
5

P

kBT
5

1

V(
i ,a

Gi
a ln S 11wi

a

wi
a D , ~11!

N

V
5

1

V(
i ,a

Gi
ani

a5(
i ,a

zi
a ]

]zi
aS P

kBTD , ~12!

respectively. They are valid for all the cases with the diffe
ent species and a set of good quantum numbers.

Here, we would like to note that Isakov13 independently
obtained results similar to Wu’s at almost the same time
published his results~on the Internet! ~however, Wu first
obtained his results about two years before publication!.

IV. SUTHERLAND TRANSFORMATIONS
AND CLUSTER EXPANSIONS

The main difficulties for calculating the thermodynam
potential lie in the fact that Eq.~10! represents a set of ver
complicated functional equations for MFES. Therefo
when MFES is taken into account, there has been no g
method to explicitly obtain the cluster coefficients in th
cluster expansion from Wu’s distribution functionswi

a , al-
though several authors20–22have attempted to obtain them b
considering the special cases of multispecies systems
MFES, explicitly expanding Wu’s functional relations. W
now present a method to resolve this problem.
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A. Sutherland transformations

Let us define the following transformation:

z i
a5

11wi
a

wi
a . ~13!

This is a generalization of the transformation that is fi
adopted by Sutherland8 for the Calogero-Sutherland mod
~CSM!,7,8 and hencewi

a51/(z i
a21). Substituting Eq.~13!

into Eqs.~10!–~12!, we obtain the following:

@~z i
a!gii

aa
2~z i

a!gii
aa

21# )
j ,b~Þ i ,a!

~z j
b!gji

ba
5eb~ma2e i

a
![a i

a ,

~14!

P

kBT
5

1

V (
i ,a

Gi
a ln z i

a , ~15!

N

V
5

1

V (
i ,a

Gi
azi

a ]

]zi
a ln z i

a . ~16!

B. Cluster expansions for the multispecies systems with MFES

The problem now is how one can obtain the power se
expansion of lnzi

a with respect to the fugacity. Let us deno
as lnzi

a[vi
a and suppose thatv i

a is expanded in the follow-
ing form:

v i
a[ ( 8

$ l i
a%50

`

ci
a@$ l i

a%#)
j ,b

~a j
b! l j

b
, ~17!

whereci
a@$ l i

a%# stand forc$ l i
a% i

a($gi j
ab%), which are functions

of $ l i
a% ~the set of integers$ l 1

a ,l 2
b ,•••%) and$gi j

ab% ~the set of
all MFES parameters!, and 8 means thatl 1

a5 l 2
b5•••50 is

excluded from the summation. Substituting Eq.~17! into
Eqs.~15! and ~16! yields the generalized cluster expansio
of forms from Eq.~4!:

P

kBT
5 (

L51

`

(
(

i ,a
l i
a
5L

b@$ l i
a%#)

j ,b
z

b

l j
b

, ~18!

N

V
5 (

L51

`

(
( i ,a l i

a
5L

Lb@$ l i
a%#)

j ,b
z

b

l j
b

, ~19!

b@ l i
a#5

1

V(
i ,a

Gi
aci

a@$ l i
a%#e2be i

a
. ~20!

In this way, once theci
a@$ l i

a%# are obtained from the set o
functional equations among the other species with the MF
@Eq. ~14!#, then the problem can be solved. This method c
be thought of as a generalization of the method first adop
by Sutherland8 for the CSM~Refs. 7 and 8! in one dimension
where only one variablea appears for the pure FES to a
plied systems with MFES where many variablesa i

a appear.
For example, in the case of the system of anM -species

ideal gas with MFES where the statistical parameters
defined bygi j

ab5gabd i j , one can define asz i
a5za(p) and the
t

s

S
n
d

re

particle energy ase i
a5ea(p)5p2/2ma for a51, . . . ,M .

Then, by using a good quantum numberp, Eqs. ~14!–~16!
are represented as

@za~p!gaa2za~p!gaa21# )
bÞa

zb~p!gba5eb[ma2ea~p!][aa~p!,

~21!

P

kBT
5

1

V(
a,p

ln za~p!, ~22!

N

V
5(

a

Na

V
5(

a
za

]

]za

1

V(
p

ln za~p!. ~23!

Therefore, we obtain the cluster expansions as

P

kBT
5 (

L51

`

(
(a l a5L

b@$ l a%#)
b

zb
l b , ~24!

N

V
5 (

L51

`

(
(a l a5L

Lb@$ l i
a%#)

b
zb

l b , ~25!

b@$ l a%#5
1

V(
a,p

ca@$ l a%#e2bea~p!. ~26!

V. GENERALIZATION OF THE LAGRANGE THEOREM

From this section we are going to explicitly obtain th
cluster coefficientsca@$ l a%#. For this purpose, we firs
present the generalization of the Lagrange theorem for
Lagrange series expansion for the one complex varia
functions23 to the one for the many complex variab
functions.26

A. Cauchy theorem for many complex variable functions

Denote byz5(z1 ,z2 , . . . ,zM) the set of complex vari-
ablesz1 ,z2 , . . . ,zM . This z defines anM -torus,CM. Define
the M -disk of CM5C13C23•••3CM such thatuza2pau
,r a , a51, . . . ,M ,26 where pa denote constants. Denot
by f (z) an analytic function of many complex variable
which is defined over a domainD,CM. Then, one has the
generalized Cauchy theorem:26

f ~z!5S 1

2p i D
ME

CM

f ~z!dz1dz2•••dzM

~z12z1!~z22z2!•••~zM2zM !
.

~27!

This provides a Taylor expansion off (z):

f ~z!5 (
L51

`

(
l 11 l 21•••1 l M5L

f l 1l 2••• l M
z1

l 1
•••zM

l M , ~28!
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f l 1l 2••• l M
5S 1

2p i D
ME

CM

f ~z!dz1dz2•••dzM

z1
l 111

z2
l 211

•••zM
l M11

5
1

l 1! l 2! ••• l M!

] l 11 l 21•••1 l M

]z1
l 1]z2

l 2
•••]zM

l M
f ~0,0, . . . ,0!.

~29!
B. Generalized Cauchy theorem

Let us generalize the Cauchy theorem for a set of anal
functions. Let us define a set of analytic functions ofM
complex variables asFa(z)(a51, . . . ,M ), which are de-
fined over a domainD,CM. Suppose that there exist the s
of zeros such thatFa(z)50 (a51, . . . ,M ). Then, we have
the generalized Cauchy theorem:
as

ch

of
f ~z!5S 1

2p i D
ME

CM

f ~z!

F1~z!F2~z!•••FM~z!
dF1dF2•••dFM ~30!

5S 1

2p i D
ME

CM

f ~z!

F1~z!F2~z!•••FM~z!
uJMudz1dz2•••dzM , ~31!

whereuJMu means the Jacobian, which is defined by

uJMu5U]~F1 ,F2 , . . . ,FM !

]~z1 ,z2 , . . . ,zM !
U5U ]F1~z!

]z1

]F1~z!

]z2
•••

]F1~z!

]zM

]F2~z!

]z1

]F2~z!

]z2
•••

]F2~z!

]zM

A A � A

]FM~z!

]z1

]FM~z!

]z2
•••

]FM~z!

]zM

U . ~32!

C. Generalized Lagrange theorem

Let us next derive a generalized Lagrange theorem. Define the set of analytic functions of many complex variablesFa(z)
for a51, . . . ,M , which are defined over a domainD,CM. Assume thatFa(z)5xa(a51, . . . ,M ) are satisfied atz and give
simple roots for each variable ofza . Suppose that there exist the roots ofFa(z)50 such that the roots are single for ea
variable ofza . If we assumeuFa(z)u>uxau, then the roots ofFa(z)5xa do not change too much from the roots ofFa(z)
50. Therefore, this situation can be regarded as a generalized Rouche´ theorem.23 If this is true, then Eq.~31! can be
generalized to

g~z!5S 1

2p i D
ME

CM

g~z!

@F1~z!2x1#@F2~z!2x2#•••@FM~z!2xM#
dF1dF2•••dFM ~33!

5S 1

2p i D
ME

CM

g~z!

@F1~z!2x1#@F2~z!2x2#•••@FM~z!2xM#
uJMudz1dz2•••dzM , ~34!

where the JacobianuJMu is defined by

uJMu5U]~F12x1 ,F22x2 , . . . ,FM2xM !

]~z1 ,z2 , . . . ,zM !
U5U]~F1 ,F2 , . . . ,FM !

]~z1 ,z2 , . . . ,zM !
U. ~35!

Let us use this to generalize the Lagrange theorem for inverting the functions. Define

Fa~z!5
za2pa

fa~z!
~a51, . . . ,M !, ~36!

such that Rouche´’s condition is satisfied~i.e., uxafau<uza2pau,a51, . . . ,M ), wherepa are all constants. Hence, the set
equationsFa(z)5xa (a51, . . . ,M ) gives

za5pa1xafa~z! ~a51, . . . ,M !, ~37!

which definexa as the functions ofz such thatxa5xa(z)(a51, . . . ,M ). Let us invert Eq.~37! asza5za(x), which is known
as the Lagrange series expansion.23 If the above Rouche´’s condition is satisfied, then we find
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]Fa~z!

]zb
5

]

]zb
S za2pa

fa~z! D5

dabfa2~za2pa!
]fa

]zb

fa
2 5

dab2xa

]fa

]zb

fa
, ~38!

where in the last step we have used the relationza5pa1xafa(z). Substituting Eq.~38! into Eq. ~35!, the Jacobian become

uJMu5U 12x1

]f1~z!

]z1

f1

2x1

]f1~z!

]z2

f1

•••

2x1

]f1~z!

]zM

f1

2x2

]f2~z!

]z1

f2

12x2

]f2~z!

]z2

f2

•••

2x2

]f2~z!

]zM

f2

A A � A

2xM

]fM~z!

]z1

fM

2xM

]fM~z!

]z2

fM

•••

12xM

]fM~z!

]zM

fM

U
5

1

f1f2•••fMU12x1

]f1~z!

]z1
2x1

]f1~z!

]z2
••• 2x1

]f1~z!

]zM

2x2

]f2~z!

]z1
12x2

]f2~z!

]z2
••• 2x2

]f2~z!

]zM

A A � A

2xM

]fM~z!

]z1
2xM

]fM~z!

]z2
••• 12xM

]fM~z!

]zM

U . ~39!

On the other hand, the denominator of Eq.~34! becomes

@F1~z!2x1#@F2~z!2x2#•••@FM~z!2xM#5
1

f1f2•••fM
@z12p12x1f1~z!#@z22p22x2f2~z!#•••@zM2pM2xMfM~z!#.

~40!

Hence, we have

g~z!5S 1

2p i D
ME

CM

g~z!uJMu
~z12p12x1f1!~z22p22x2f2!•••~zM2pM2xMfM !

dz1dz2•••dzM , ~41!

uJMu5U12x1

]f1~z!

]z1
2x1

]f1~z!

]z2
••• 2x1

]f1~z!

]zM

2x2

]f2~z!

]z1
12x2

]f2~z!

]z2
••• 2x2

]f2~z!

]zM

A A � A

2xM

]fM~z!

]z1
2xM

]fM~z!

]z2
••• 12xM

]fM~z!

]zM

U . ~42!

Let us expand both the enumerator and denominator of Eq.~41! with respect toxa (a51, . . . ,M ). Here, we can expand th
denominator as

1

za2pa2xafa
5 (

l a50

` fa
l axa

l a

~za2pa! l a11 . ~43!

Hence, we have

1

~z12p12x1f1!~z22p22x2f2!•••~zM2pM2xMfM !
5 (

$ l a%50

` f1
l 1f2

l 2
•••fM

l M

~z12p1! l 111~z22p2! l 211
•••~zM2pM ! l M11 x1

l 1x2
l 2
•••xM

l M .

~44!
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The determinant in the enumerator is expanded as

uJMu512(
j 51

M

xj

]f j

]z j
1 (

j ,k51

M

xjxkU]~f j ,fk!

]~z j ,zk!
U1•••1~21!M x1x2•••xMU]~f1 ,f2 , . . . ,fM !

]~z1 ,z2 , . . . ,zM !
U. ~45!

Substituting Eqs.~44! and ~45! into Eq. ~41!, we find

g~z!5 (
L51

`

(
l 11 l 21•••1 l M5L

gl 1l 2••• l M
x1

l 1x2
l 2
•••xM

l M , ~46!

where

gl 1••• l M
5Kl 1••• l M

~0! 2(
j 51

M

Kl 1••• l j 21••• l M

~1! 1 (
j ,k51

M

Kl 1••• l j 21••• l k21••• l M

~2! 1•••1~21!MKl 121••• l M21
~M ! . ~47!

Here we have defined as

Kl 1••• l M

~0! 5S 1

2p i D
ME

CM
g~z!

f1~z! l 1
•••fM~z! l M

~z12p1! l 111
•••~zM2pM ! l M11 dz1•••dzM , ~48a!

Kl 1••• l j 21••• l M

~1! 5S 1

2p i D
ME

CM

g~z!f1~z! l 1
•••f j~z! l j 21

•••fM~z! l M
]f j

]z j

~z12p1! l 111
•••~z j2pj !

l j
•••~zM2pM ! l M11 dz1•••dzM , ~48b!

Kl 1••• l j 21••• l k21••• l M

~2! 5S 1

2p i D
ME

CM

g~z!f1~z! l 1
•••f j~z! l j 21

•••fk~z! l k21
•••fM~z! l M

~z12p1! l 111
•••~z j2pj !

l j
•••~zk2pk!

l k
•••~zM2pM ! l M11U]~f j ,fk!

]~z j ,zk!
Udz1•••dzM ,

~48c!

A

Kl 121••• l M21
~M ! 5S 1

2p i D
ME

CM

g~z!f1~z! l 121
•••fM~z! l M21

~z12p1! l 1
•••~zM2pM ! l M U]~f1 , . . . ,fM !

]~z1 , . . . ,zM !
Udz1•••dzM , ~48m!

respectively. From the generalized Cauchy theorem we find the following relations:

g~p!f1~p! l 1
•••fM~p! l M5S 1

2p i D
ME

CM
g~z!

f1~z! l 1
•••fM~z! l M

~z12p1!•••~zM2pM !
dz1•••dzM , ~49a!

g~p!f1~p! l 1
•••f j~p! l j 21

•••fM~p! l M
]f j

]pj
5S 1

2p i D
ME

CM
g~z!

f1~z! l 1
•••f j~z! l j 21

•••fM~z! l M
]f j

]z j

~z12p1!•••~z j2pj !•••~zM2pM !
dz1•••dzM ,

~49b!

g~p!f1~p! l 1
•••f j~p! l j 21

•••fk~p! l k21
•••fM~p! l MU]~f j ,fk!

]~pj ,pk!
U

5S 1

2p i D
ME

CM
g~z!

f1~z! l 1
•••f j~z! l j 21

•••fk~z! l k21
•••fM~z! l MU]~f j ,fk!

]~z j ,zk!
U

~z12p1!•••~z j2pj !•••~zk2pk!•••~zM2pM !
dz1•••dzM , ~49c!

A

g~p!f1~p! l 121
•••fM~p! l M21U]~f1 ,•••,fM !

]~p1 ,•••,pM !
U

5S 1

2p i D
ME

CM
g~z!

f1~z! l 121
•••fM~z! l M21U]~f1 ,•••,fM !

]~z1 ,•••,zM !
U

~z12p1!•••~zM2pM !
dz1•••dzM , ~49m!

Using these together with Eq.~29!, we obtain
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Kl 1••• l M

~0! 5
1

l 1! ••• l M!

] l 11•••1 l M

]p1
l 1
•••]pM

l M
@g~p!f1~p! l 1

•••fM~p! l M#, ~50a!

Kl 1••• l j 21••• l M

~1! 5
l j

l 1! ••• l M!

] l 11•••1 l j •••1 l M21

]p1
l 1
•••]pj

l j 21
•••]pM

l MS g~p!f1~p! l 1
•••f j~p! l j 21

•••fM~p! l M
]f j

]pj
D , ~50b!

Kl 1••• l j ••• l k••• l M

~2!

5
l j l k

l 1! ••• l M!

] l 11•••1 l j 1•••1 l k1•••1 l M22

]p1
l 1
•••]pj

l j 21
•••]pk

l k21
•••]pM

l MS g~p!f1~p! l 1
•••f j~p! l j 21

•••fk~p! l k21
•••fM~p! l MU]~f j ,fk!

]~pj ,pk!
U D , ~50c!

A

Kl 1••• l M

~M ! 5
l 1••• l M

l 1! ••• l M!

] l 11•••1 l M2M

]p1
l 121

•••]pM
l M21S g~p!f1~p! l 121

•••fM~p! l M21U]~f1 , . . . ,fM !

]~p1 , . . . ,pM !
U D . ~50m!

The above result can be written in the following way: Let us denoteGM(p)5GM(p1 ,p2 , . . . ,pM) as

GM~p!5]1•••]M@g~p!f1~p! l 1f2~p! l 2
•••fM~p! l M#2(

j 51

M

]1•••] j* •••]MS g~p!f1~p! l 1
•••f j~p! l j 21

•••fM~p! l M
]f j

]pj
D

1 (
j ,k51

M

]1•••] j* •••]k* •••]MS g~p!f1~p! l 1
•••f j~p! l j 21

•••fk~p! l k21
•••fM~p! l MU]~f j ,fk!

]~pj ,pk!
U D

A

1~21!MS g~p!f1~p! l 121
•••fM~p! l M21U]~f1 , . . . ,fM !

]~p1 , . . . ,pM !
U D , ~51!

where] j5]/]pj and] j* means elimination of] j . Then we find

gl 10•••05
1

l 1!

] l 121

]p1
l 121 G1~p1!, ~52a!

gl 1l 20•••05
1

l 1! l 2!

] l 11 l 222

]p1
l 121

]p2
l 221 G2~p1 ,p2!, ~52b!

A

gl 1l 2••• l M
5

1

l 1! l 2! ••• l M!

] l 11 l 21•••1 l M2M

]p1
l 121

]p2
l 221

•••]pM
l M21 GM~p!. ~52m!

Thus, we are able to complete the inversion of the set of the functions. Hence, this is the generalization of the L
theorem for the single complex variable functions to that for the multicomplex variable functions.

VI. LAGRANGE EXPANSIONS FOR SYSTEMS WITH MFES

The above formulas are still too general, so that the inversion depends on the characteristics of the functionsfa(z) (a
51,2, . . . ,M ). However, if the functions have a particular condition, then the problem becomes much simpler. Let us fi
condition in our problem of the MFES. From Eq.~14!, we divide this byza(p)gaa21. Then we get

za~p!512aa~p!za~p!12gaa)
bÞa

zb~p!2gba. ~53!

Therefore, in the case of MFES we identify as

pa51, ~54!

xa5aa , ~55!
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fa~z!5za
12gaa)

bÞa
zb

2gba , ~56!

which yield

]fa

]zb
5

dab2gba

zb
fa~z!. ~57!

From this, we find

]f j

]z j
5

12gj j

z j
f j~z!. ~58a!

U]~f j ,fk!

]~z j ,zk!
U5U ]f j~z!

]z j

]f j~z!

]zk

]fk~z!

]z j

]fk~z!

]zk

U5U12gj j 2gk j

2gjk 12gkk
Uf j~z!fk~z!

z jzk
, ~58b!

A

U]~f1 ,•••,fM !

]~z1 ,•••,zM !
U5U12g11 2g21 ••• 2gM1

2g12 12g22 ••• 2gM2

A A � A

2g1M 2g2M ••• 12gMM

Uf1~z!•••fM~z!

z1•••zM
. ~58m!

Using these for Eq.~49!, we find

g~p!f1~p! l 1
•••f j~p! l j 21

•••fM~p! l M
]f j

]pj
5

12gj j

pj
g~p!f1~p! l 1

•••f j~p! l j
•••fM~p! l M, ~59a!

g~p!f1~p! l 1
•••f j~p! l j 21

•••fk~p! l k21
•••fM~p! l MU]~f j ,fk!

]~pj ,pk!
U

5
1

pj pk
U12gj j 2gk j

2gjk 12gkk
Ug~p!f1~p! l 1

•••f j~p! l j
•••fM~p! l M, ~59b!

A

g~p!f1~p! l 121
•••fM~p! l M21U]~f1 ,•••,fM !

]~p1 ,•••,pM !
U5 1

p1•••pMU12g11 2g21 ••• 2gM1

2g12 12g22 ••• 2gM2

A A � A

2g1M 2g2M ••• 12gMM

Ug~p!f1~p! l 1
•••fM~p! l M.

~59m!

On the other hand, we also have

f1~p! l 1f2~p! l 2
•••fM~p! l M5~p1

12g11p2
2g21

•••pM
2gM1! l 1~p1

2g12p2
12g22

•••pM
2gM2! l 2

•••~p1
2g1Mp2

2g2M
•••pM

12gMM! l M

5p1
s1p2

s2
•••pM

sM , ~60!

where we have defined as

s15 l 1~12g11!2 l 2g122•••2 l Mg1M , ~61a!

s252 l 1g211 l 2~12g22!2•••2 l Mg2M , ~61b!

A

sM52 l 1gM12 l 2gM22•••1 l M~12gMM !, ~61m!

respectively. Substituting Eq.~59! into Eq. ~51!, we find



mulas

6900 PRB 58KAZUMOTO IGUCHI
GM~p!5]1•••]M@g~p!p1
s1p2

s2
•••pM

sM#2(
j 51

M

l j~12gj j !]1•••] j* •••]M@g~p!p1
s1
•••pj

sj 21
•••pM

sM#

1 (
j ,k51

M U l j~12gj j ! 2 l jgk j

2 l kgjk l k~12gkk!
U]1•••] j* •••]k* •••]M@g~p!p1

s1
•••pj

sj 21
•••pk

sk21
•••pM

sM#

A

1~21!MU l 1~12g11! 2 l 1g21 ••• 2 l 1gM1

2 l 2g12 l 2~12g22! ••• 2 l 2gM2

A A � A

2 l Mg1M 2 l Mg2M ••• l M~12gMM !

U @g~p!p1
s121

•••pM
sM21

#. ~62!

In our physical systems of MFES, we are concerned with the thermodynamic potential of Eq.~22!. Therefore, theg(p) is
given by

g~p!5 (
a51

M

ln pa . ~63!

From this, if we regardpa as parameters, then we find the following properties ofg(p):

] jg~p!5
1

pj
, ] j]kg~p!50,] i] j]kg~p!50, etc. ~64!

Using these properties, we can calculate Eq.~62! as follows. Let us present here some examples to see how the above for
work.

Let us first consider the case ofM51. In this case, we have the following:

gl 1
5

1

l 1! S ] l 121

]p1
l 121 G1~p1!D

p151

, ~65!

whereG1(p1) is defined by

G1~p1!5]1@g~p1!p1
s1#2g~p1!

l 1~12g11!

p1
p1

s1 , ~66!

with s15 l 1(12g11). This can be simplified as

G1~p1!5]1@g~p1!#p1
s11g~p1!]1p1

s12g~p1!l 1~12g11!p1
s121

5]1@g~p1!#p1
s1 , ~67!

where in the last step we have used the relations15 l 1(12g11). Sinceg(p1)5 ln p1, ]1g(p1)51/p1 , by substituting Eq.~64!
into Eq. ~67! we getG1(p1)5p1

s121 . Hence, substituting this into Eq.~65! yields

gl 1
5

1

l 1! S ] l 121

]p1
l 121 p1

s121D
p151

5
1

l 1! S ] l 121

]p1
l 121 p1

l 1~12g11!21D
p151

5
1

l 1!
@ l 1~12g11!21#@ l 1~12g11!22#•••@ l 1~12g11!2~ l 121!#

5
1

l 1!
~ l 1212 l 1g11!~ l 1222 l 1g11!•••~12 l 1g11!. ~68!

Second, let us consider the case ofM52. In this case, we have the following:

gl 1l 2
5

1

l 1! l 2! S ] l 11 l 222

]p1
l 121

]p2
l 221 G2~p!D

p15p251

. ~69!

Here theG2(p) is defined by
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G2~p!5]1]2@g~p!p1
s1p2

s2#2 l 1~12g11!]2@g~p!p1
s121p2

s2#2 l 2~12g22!]1@g~p!p1
s1p2

s221
#

1U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
Ug~p!p1

s121p2
s221 , ~70!

where we have defined as

s15 l 1~12g11!2 l 2g12, ~71a!

s252 l 1g211 l 2~12g22!, ~71b!

g~p!5 ln p11 ln p2 . ~72!

By using the relations of Eq.~64!, we obtain

G2~p!5p1
s121p2

s221
@A21g~p!B2#, ~73!

A25s11s22 l 1~12g11!2 l 2~12g22!, ~74!

B25s1s22 l 1~12g11!s22 l 2~12g22!s11U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
U. ~75!

By direct calculations ofA2 andB2 , we obtain

A252~ l 1g211 l 2g12!, ~76!

B25U l 1~12g11!2s1 2 l 1g21

2 l 2g12 l 2~12g22!2s2
U5U l 1g21 2 l 1g21

2 l 2g12 l 2g12
U50. ~77!

Hence, substituting Eq.~73! into Eq. ~69! yields

gl 1l 2
52~ l 1g211 l 2g12!

1

l 1! l 2! S ] l 11 l 222

]p1
l 121

]p2
l 221 p1

s121p2
s221D

p15p251

52~ l 1g211 l 2g12!S 1

l 1!

] l 121

]p1
l 121 p1

s121D
p151

S 1

l 2!

] l 221

]p2
l 221 p2

s221D
p251

52~ l 1g211 l 2g12!
1

l 1! l 2!
~s121!~s122!•••@s12~ l 121!#~s221!~s222!•••@s22~ l 221!#. ~78!

On the other hand, by following a similar procedure we find

gl 105
1

l 1! S ] l 121

]p1
l 121 p1

s121D
p151

5
1

l 1!
~s121!~s122!•••@s12~ l 121!#, ~79!

g0l 2
5

1

l 2! S ] l 221

]p2
l 221 p2

s221D
p251

5
1

l 2!
~s221!~s222!•••@s22~ l 221!#. ~80!

Third, let us consider the case ofM53. In this case, we have the following:

gl 1l 2l 3
5

1

l 1! l 2! l 3! S ] l 11 l 21 l 323

]p1
l 121

]p2
l 221

]p3
l 321 G3~p!D

p15p25p351

. ~81!

Here theG3(p) is defined by
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G3~p!5]1]2]3@g~p!p1
s1p2

s2p3
s3#2 l 1~12g11!]2]3@g~p!p1

s121p2
s2p3

s3#2 l 2~12g22!]1]3@g~p!p1
s1p2

s221p3
s3#

2 l 3~12g33!]1]2@g~p!p1
s1p2

s2p3
s321

#1U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
U]3@g~p!p1

s121p2
s221p3

s3#

1U l 1~12g11! 2 l 1g31

2 l 3g13 l 3~12g33!
U]2@g~p!p1

s121p2
s2p3

s321
#1U l 2~12g22! 2 l 2g32

2 l 3g23 l 3~12g33!
U]1@g~p!p1

s1p2
s221p3

s321
#

1U l 1~12g11! 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22! 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!
Ug~p!p1

s121p2
s221p3

s321 , ~82!

where we have defined as

s15 l 1~12g11!2 l 2g122 l 3g13, ~83a!

s252 l 1g211 l 2~12g22!2 l 3g23, ~83b!

s352 l 1g312 l 2g321 l 3~12g33!, ~83c!

g~p!5 ln p11 ln p21 ln p3 . ~84!

After a rather tedious algebra, the above equation is given by

G3~p!5p1
s121p2

s221p3
s321

@A31g~p!B3#, ~85!

whereA3 andB3 are given by

A35s1s21s1s31s2s32 l 1~12g11!~s21s3!2 l 2~12g22!~s11s3!2 l 3~12g33!~s11s2!1U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
U

1U l 1~12g11! 2 l 1g31

2 l 3g13 l 3~12g33!
U1U l 2~12g22! 2 l 2g32

2 l 3g23 l 3~12g33!
U, ~86!

B35s1s2s32 l 1~12g11!s2s32 l 2~12g22!s1s32 l 3~12g33!s1s21U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
Us31U l 1~12g11! 2 l 1g31

2 l 3g13 l 3~12g33!
Us2

1U l 2~12g22! 2 l 2g32

2 l 3g23 l 3~12g33!
Us12U l 1~12g11! 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22! 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!
U . ~87!

At a first glance,A3 andB3 look very complicated. However, comparing the above expressions to those ofA2 andB2 , Eqs.
~86! and ~87! are simplified as follows:

A35U l 1~12g11!2s1 2 l 1g21

2 l 2g12 l 2~12g22!2s2
U1U l 1~12g11!2s1 2 l 1g31

2 l 3g13 l 3~12g33!2s3
U1U l 2~12g22!2s2 2 l 2g32

2 l 3g23 l 3~12g33!2s3
U, ~88!

B35U l 1~12g11!2s1 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22!2s2 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!2s3

U . ~89!

Substituting the relations fors1 , s2 , ands3 @Eq. ~83!# into Eqs.~88! and~89! and expanding them with respect tol 1 , l 2 , and
l 3 , we obtain

A35U l 2g121 l 3g13 2 l 1g21

2 l 2g12 l 1g211 l 3g23
U1U l 2g121 l 3g13 2 l 1g31

2 l 3g13 l 1g311 l 2g32
U1U l 1g211 l 3g23 2 l 2g32

2 l 3g23 l 1g311 l 2g32
U

5 l 1
2g21g311 l 1l 2g21g321 l 1l 3g23g311 l 1l 2g31g121 l 2

2g32g121 l 2l 3g32g131 l 1l 3g13g211 l 2l 3g12g231 l 3
2g13g23, ~90!
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B35U l 2g121 l 3g13 2 l 1g21 2 l 1g31

2 l 2g12 l 1g211 l 3g23 2 l 2g32

2 l 3g13 2 l 3g23 l 1g311 l 2g32

U50. ~91!

Substituting Eq.~85! together with Eqs.~90! and ~91! into Eq. ~81!, we get

gl 1l 2l 3
5A3

1

l 1! l 2! l 3! S ] l 11 l 21 l 323

]p1
l 121

]p2
l 221

]p3
l 321 p1

s121p2
s221p3

s321D
p15p25p351

5A3S 1

l 1!

] l 121

]p1
l 121 p1

s121D
p151

S 1

l 2!

] l 221

]p2
l 221 p2

s221D
p251

S 1

l 3!

] l 321

]p3
l 321 p3

s321D
p351

5A3S 1

l 1!
~s121!~s122!•••@s12~ l 121!# D S 1

l 2!
~s221!~s222!•••@s22~ l 221!# D

3S 1

l 3!
~s321!~s322!•••@s32~ l 321!# D . ~92!

On the other hand, we also find similarly the following:

gl 1005
1

l 1! S ] l 121

]p1
l 121 p1

s121D
p151

5
1

l 1!
~s121!~s122!•••@s12~ l 121!#, ~93a!

g0l 205
1

l 2! S ] l 221

]p2
l 221 p2

s221D
p251

5
1

l 2!
~s221!~s222!•••@s22~ l 221!#, ~93b!

g00l 3
5

1

l 3! S ] l 321

]p3
l 321 p3

s321D
p351

5
1

l 3!
~s321!~s322!•••@s32~ l 321!#, ~93c!

gl 1l 2052~ l 1g211 l 2g12!S 1

l 1!

] l 121

]p1
l 121 p1

s121D
p151

S 1

l 2!

] l 221

]p2
l 221 p2

s221D
p251

52~ l 1g211 l 2g12!S 1

l 1!
~s121!~s122!•••@s12~ l 121!# D S 1

l 2!
~s221!~s222!•••@s22~ l 221!# D , ~94a!

gl 10l 3
52~ l 1g311 l 3g13!S 1

l 1!

] l 121

]p1
l 121 p1

s121D
p151

S 1

l 3!

] l 321

]p3
l 321 p3

s321D
p351

52~ l 1g311 l 3g13!S 1

l 1!
~s121!~s122!•••@s12~ l 121!# D S 1

l 3!
~s321!~s322!•••@s32~ l 321!# D , ~94b!

g0l 2l 3
52~ l 2g321 l 3g23!S 1

l 2!

] l 221

]p2
l 221 p2

s221D
p251

S 1

l 3!

] l 321

]p3
l 321 p3

s321D
p351

52~ l 2g321 l 3g23!S 1

l 2!
~s221!~s222!•••@s22~ l 221!# D S 1

l 3!
~s321!~s322!•••@s32~ l 321!# D . ~94c!

Fourth, let us consider the case ofM54. In this case, we have the following:

gl 1l 2l 3l 4
5

1

l 1! l 2! l 3! l 4! S ] l 11 l 21 l 31 l 424

]p1
l 121

]p2
l 221

]p3
l 321

]p4
l 421 G4~p!D

p15p25p35p451

. ~95!

Here, theG4(p) is defined by
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G4~p!5]1]2]3]4@g~p!p1
s1p2

s2p3
s3p4

s4#2 l 1~12g11!]2]3]4@g~p!p1
s121p2

s2p3
s3p4

s4#2 l 2~12g22!]1]3]4@g~p!p1
s1p2

s221p3
s3p4

s4#

2 l 3~12g33!]1]2]4@g~p!p1
s1p2

s2p3
s321p4

s4#2 l 4~12g44!]1]2]3@g~p!p1
s1p2

s2p3
s3p4

s421
#

1U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
U]3]4@g~p!p1

s121p2
s221p3

s3p4
s4#1U l 1~12g11! 2 l 1g31

2 l 3g13 l 3~12g33!
U]2]4@g~p!p1

s121p2
s2p3

s321p4
s4#

1U l 1~12g11! 2 l 1g41

2 l 4g14 l 4~12g44!
U]2]3@g~p!p1

s121p2
s2p3

s3p4
s421

#1U l 2~12g22! 2 l 2g32

2 l 3g23 l 3~12g33!
U]1]4@g~p!p1

s1p2
s221p3

s321p4
s4#

1U l 2~12g22! 2 l 2g42

2 l 4g24 l 4~12g44!
U]1]3@g~p!p1

s1p2
s221p3

s3p4
s421

#1U l 3~12g33! 2 l 3g43

2 l 4g34 l 4~12g44!
U]1]2@g~p!p1

s1p2
s2p3

s321p4
s421

#

1U l 1~12g11! 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22! 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!
U]4@g~p!p1

s121p2
s221p3

s321p4
s4#

1U l 1~12g11! 2 l 1g21 2 l 1g41

2 l 2g12 l 2~12g22! 2 l 2g42

2 l 4g14 2 l 4g24 l 4~12g44!
U]3@g~p!p1

s121p2
s221p3

s3p4
s421

#

1U l 1~12g11! 2 l 1g31 2 l 1g41

2 l 3g13 l 3~12g33! 2 l 3g43

2 l 4g14 2 l 4g34 l 4~12g44!
U]2@g~p!p1

s121p2
s2p3

s321p4
s421

#

1U l 2~12g22! 2 l 2g32 2 l 2g42

2 l 3g23 l 3~12g33! 2 l 3g43

2 l 4g24 2 l 4g34 l 4~12g44!
U]1@g~p!p1

s1p2
s221p3

s321p4
s421

#

1U l 1~12g11! 2 l 1g21 2 l 1g31 2 l 1g41

2 l 2g12 l 2~12g22! 2 l 2g32 2 l 2g42

2 l 3g13 2 l 3g23 l 3~12g33! 2 l 3g43

2 l 4g14 2 l 4g24 2 l 4g34 l 4~12g44!

Ug~p!p1
s121p2

s221p3
s321p4

s421 . ~96!

Here we have defined

s15 l 1~12g11!2 l 2g122 l 3g132 l 4g14, ~97a!

s252 l 1g211 l 2~12g22!2 l 3g232 l 4g24, ~97b!

s352 l 1g312 l 2g321 l 3~12g33!2 l 4g34, ~97c!

s452 l 1g412 l 2g422 l 3g431 l 4~12g44!, ~97d!

g~p!5 ln p11 ln p21 ln p31 ln p4 . ~98!

After a tedious calculation, we find

G4~p!5p1
s121p2

s221p3
s321p4

s421
@A41g~p!B4#, ~99!

whereA4 andB4 are given by
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A45s1s2s31s1s2s41s1s3s41s2s3s42 l 1~12g11!~s2s31s2s41s3s4!2 l 2~12g22!~s1s31s1s41s3s4!2 l 3~12g33!~s1s2

1s2s41s1s4!2 l 4~12g44!~s1s21s1s31s2s3!1U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
U~s31s4!1U l 1~12g11! 2 l 1g31

2 l 3g13 l 3~12g33!
U~s21s4!

1U l 1~12g11! 2 l 1g41

2 l 4g14 l 4~12g44!
U~s21s3!1U l 2~12g22! 2 l 2g32

2 l 3g23 l 3~12g33!
U~s11s4!1U l 2~12g22! 2 l 2g42

2 l 4g24 l 4~12g44!
U~s11s3!

1U l 3~12g33! 2 l 3g43

2 l 4g34 l 4~12g44!
U~s11s2!2U l 1~12g11! 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22! 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!
U

2U l 1~12g11! 2 l 1g21 2 l 1g41

2 l 2g12 l 2~12g22! 2 l 2g42

2 l 4g14 2 l 4g24 l 4~12g44!
U2U l 1~12g11! 2 l 1g31 2 l 1g41

2 l 3g13 l 3~12g33! 2 l 3g43

2 l 4g14 2 l 4g34 l 4~12g44!
U

2U l 2~12g22! 2 l 2g32 2 l 2g42

2 l 3g23 l 3~12g33! 2 l 3g43

2 l 4g24 2 l 4g34 l 4~12g44!
U , ~100!

B45s1s2s3s42 l 1~12g11!s2s3s42 l 2~12g22!s1s3s42 l 3~12g33!s1s2s42 l 4~12g44!s1s2s31U l 1~12g11! 2 l 1g21

2 l 2g12 l 2~12g22!
Us3s4

1U l 1~12g11! 2 l 1g31

2 l 3g13 l 3~12g33!
Us2s41U l 1~12g11! 2 l 1g41

2 l 4g14 l 4~12g44!
Us2s31U l 2~12g22! 2 l 2g32

2 l 3g23 l 3~12g33!
Us1s4

1U l 2~12g22! 2 l 2g42

2 l 4g24 l 4~12g44!
Us1s31U l 3~12g33! 2 l 3g43

2 l 4g34 l 4~12g44!
Us1s22U l 1~12g11! 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22! 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!
Us4

2U l 1~12g11! 2 l 1g21 2 l 1g41

2 l 2g12 l 2~12g22! 2 l 2g42

2 l 4g14 2 l 4g24 l 4~12g44!
Us32U l 1~12g11! 2 l 1g31 2 l 1g41

2 l 3g13 l 3~12g33! 2 l 3g43

2 l 4g14 2 l 4g34 l 4~12g44!
Us2

2U l 2~12g22! 2 l 2g32 2 l 2g42

2 l 3g23 l 3~12g33! 2 l 3g43

2 l 4g24 2 l 4g34 l 4~12g44!
Us11U l 1~12g11! 2 l 1g21 2 l 1g31 2 l 1g41

2 l 2g12 l 2~12g22! 2 l 2g32 2 l 2g42

2 l 3g13 2 l 3g23 l 3~12g33! 2 l 3g43

2 l 4g14 2 l 4g24 2 l 4g34 l 4~12g44!

U . ~101!

From comparing these with the expressions ofA3 andB3 , we find the following:

A45U l 1~12g11!2s1 2 l 1g21 2 l 1g31

2 l 2g12 l 2~12g22!2s2 2 l 2g32

2 l 3g13 2 l 3g23 l 3~12g33!2s3

U1U l 1~12g11!2s1 2 l 1g21 2 l 1g41

2 l 2g12 l 2~12g22!2s2 2 l 2g42

2 l 4g14 2 l 4g24 l 4~12g44!2s4

U
1U l 1~12g11!2s1 2 l 1g31 2 l 1g41

2 l 3g13 l 3~12g33!2s3 2 l 3g43

2 l 4g14 2 l 4g34 l 4~12g44!2s4

U1U l 2~12g22!2s2 2 l 2g32 2 l 2g42

2 l 3g23 l 3~12g33!2s3 2 l 3g43

2 l 4g24 2 l 4g34 l 4~12g44!2s4

U ,

~102!

B45U l 1~12g11!2s1 2 l 1g21 2 l 1g31 2 l 1g41

2 l 2g12 l 2~12g22!2s2 2 l 2g32 2 l 2g42

2 l 3g13 2 l 3g23 l 3~12g33!2s3 2 l 3g43

2 l 4g14 2 l 4g24 2 l 4g34 l 4~12g44!2s4

U50, ~103!
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wheres1 , s2 , s3 , s4 are defined by Eq.~97!. Substituting Eq.~97! together with Eqs.~102! and ~103! into Eq. ~95!, we
obtain

gl 1l 2l 3l 4
5A4

1

l 1! l 2! l 3! l 4! S ] l 11 l 21 l 31 l 424

]p1
l 121

]p2
l 221

]p3
l 321

]p4
l 421 p1

s121p2
s221p3

s321p4
s421D

p15p25p35p451

5A4S 1

l 1!

] l 121

]p1
l 121 p1

s121D
p151

S 1

l 2!

] l 221

]p2
l 221 p2

s221D
p251

S 1

l 3!

] l 321

]p3
l 321 p3

s321D
p351

S 1

l 4!

] l 421

]p4
l 421 p4

s421D
p451

5A4S 1

l 1!
~s121!~s122!•••@s12~ l 121!# D S 1

l 2!
~s221!~s222!•••@s22~ l 221!# D

3S 1

l 3!
~s321!~s322!•••@s32~ l 321!# D S 1

l 4!
~s421!~s422!•••@s42~ l 421!# D . ~104!

Similarly we have the following:

gl 1l 2l 305
A3~ l 1 ,l 2 ,l 3!

l 1! l 2! l 3!
~s121!~s122!•••@s12~ l 121!#~s221!~s222!•••@s22~ l 221!#~s321!~s322!•••@s32~ l 321!#,

~105!

gl 1l 2005
A2~ l 1 ,l 2!

l 1! l 2!
~s121!~s122!•••@s12~ l 121!#~s221!~s222!•••@s22~ l 221!#, ~106!

gl 10005
1

l 1!
~s121!~s122!•••@s12~ l 121!#. ~107!

We can continue the above argument to the case of an arbitraryM , indefinitely. We would like to summarize the final resu
for an arbitraryM as follows: Let us denote byGM(p)5p1

s121p2
s221

•••pM
sM21

@AM1g(p)BM#, whereAM andBM are defined
by

AM5(
j 51

M

s1•••sj* •••sM2 (
j ,k51

M

l j~12gj j !s1•••sj* •••sk* •••sM

1 (
i , j ,k51

M U l i~12gii ! 2 l igj i

2 l jgi j l j~12gj j !
Us1•••si* •••sj* •••sk* •••sM1•••

1~21!M21(
j 51

M U l 1~12g11! 2 l 1g21 ••• 2 l 1gM1

2 l 2g12 l 2~12g22! ••• 2 l 2gM2

A A � A

2 l Mg1M 2 l Mg2M ••• l M~12gMM !

U
j j

~108a!

5U l 1~12g11!2s1 2 l 1g21 ••• 2 l 1gM21,1

2 l 2g12 l 2~12g22!2s2 ••• 2 l 2gM21,2

A A � A

2 l M21g1,M21 2 l M21g2,M21 ••• l M21~12gM21,M21!2sM21

U1•••

1U l 2~12g22!2s2 2 l 2g32 ••• 2 l 2gM ,2

2 l 3g23 l 3~12g33!2s3 ••• 2 l 3gM ,3

A A � A

2 l Mg2,M 2 l Mg3,M ••• l M~12gM ,M !2sM

U , ~108b!
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BM5s1•••sM2(
j 51

M

l j~12gj j !s1•••sj* •••sM1 (
j ,k51

M U l j~12gj j ! 2 l jgk j

2 l kgjk l k~12gkk!
Us1•••sj* •••sk* •••sM

1•••1~21!MU l 1~12g11! 2 l 1g21 ••• 2 l 1gM1

2 l 2g12 l 2~12g22! ••• 2 l 2gM2

A A � A

2 l Mg1M 2 l Mg2M ••• l M~12gMM !

U ~109a!

5U l 1~12g11!2s1 2 l 1g21 ••• 2 l 1gM1

2 l 2g12 l 2~12g22!2s2 ••• 2 l 2gM2

A A � A

2 l Mg1M 2 l Mg2M ••• l M~12gMM !2sM

U50, ~109b!

respectively.sj* means the elimination ofsj and u u j j means the determinant with the elimination of thej th row and thej th
column. The proof of Eq.~109b! that BM always vanishes is straightforward using properties of determinants. Henc
obtain

gl 1••• l M
5AM )

a51

M
1

l a!
~sa21!~sa22!•••@sa2~ l a21!# , ~110!

wheresj ’s are defined by Eq.~61!. And the lower coefficients are given by

gl 10•••05
1

l 1!
~s121!~s122!•••@s12~ l 121!#, ~111a!

gl 1l 20•••05A2~ l 1 ,l 2!)
a51

2
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~111b!

A

gl 1••• l M22005AM22~ l 1 , . . . ,l M22! )
a51

M22
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~111m-2!

gl 1••• l M2105AM21~ l 1 , . . . ,l M21! )
a51

M21
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~111m-1!
of
by
o
tl

,

t
an

c-
al-
c
es
he
h
g

ho

m-
ith
ter
the
for

am-
respectively, and so forth.
We would like to note the following: The above result

M51 is exactly equivalent to the result first obtained
Sutherland8,19 a long time ago. The results for the cases
M52 and 3 are exactly equivalent to the results recen
obtained by Isakov, Mashkevich, and Ouvry20

Mashkevich,21 and Isakov and Mashkevich.22 However, our
results with the present method, represented in terms of
language of determinants, are all new and exact without
approximation up to an arbitraryM . And our results justify
the expressions of Mashkevich21 and of Isakov and
Mashkevich,22 where they obtained their results from expli
itly expanding Wu’s functional relations using computer
gebra such asMATHEMATICA , and conjectured the analyti
expressions of the coefficients for the higher terms by gu
ing from the lower terms of the coefficients. In this way, t
method that we have presented above is powerful enoug
evaluate nontrivial coefficients of the generalized Lagran
series expansions. This is the main advantage of this met
f
y

he
y

s-

to
e
d.

VII. CLUSTER COEFFICIENTS FOR
PHYSICAL SYSTEMS

In this section, we are going to discuss the thermodyna
ics of several physical systems of multispecies gases w
MFES as well as pure FES in the language of the clus
expansions. We will show that the results presented in
preceding section provide the exact cluster coefficients
the cluster expansions in each physical system.

A. Thermodynamics of anyons in the lowest
Landau level „LLL …

As a simplest case, let us first consider the thermodyn
ics of anyons in the lowest Landau level~LLL ! of energye
5\v/2 with v5qB/mc denoted byi 50.11,12 In this case,
there exists only one species of anyons with statisticsg.
Therefore, gi j

ab[gd i j dabd i0 and Gi
a5G0[Nf5qBV/\c.

This gives the following equation of state:



ita

on

m

are

-
-

-
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PV5kBTG0 ln~111/w0!, ~112a!

N5G0n05G0

1

w01g
, ~112b!

wherew0
g(11w0)12g5eb(e2m). This was first obtained by

Dasnières de Veigy and Ouvry14 and Wu.12 Using the Suth-
erland transformation,z05111/w0 , we find z0

g2z0
g21

5eb(m2e) and PV5kBTG0 ln z0. When we definez5ebm,
we find N/V5z(]/]z)(P/kT). Following the argument of
Sutherland8,19 and that in the preceding section of theM
51 case, the cluster expansions are given by

PV

kBT
5G0 ln z05G0 (

l 51

`

cl~g!zle2 lbe, ~113a!

N

V
5

G0

V (
l 51

`

lc l~g!zle2 lbe, ~113b!

where we have used the Sutherland coefficients8,19 and Eq.
~68!:

cl~g!5
1

l !
~12 lg !~22 lg !•••@~ l 21!2 lg#

5
~21! l 11

lg

@ lg#!

l ! @ l ~g21!#!
. ~114!

This result coincides with that first obtained by Dasnie`res de
Veigy and Ouvry.4

B. Thermodynamics of Laughlin’s incompressible 1/m fluid

Let us next consider the system of two species of exc
tions, quasiholes~labeled by2) and quasielectrons~labeled
by 1) in Laughlin’s incompressible 1/m fluid (m being
odd!. The existence of the two excitations dictates the n
trivial MFES.

Following the argument of Wu and collaborators12 and
others,20–22 MFES parameters are given by

g11522
1

m
, g225

1

m
, g1252g215

1

m
22.

~115!

The single excitation degeneracy in the thermodynamic li
is G15G25(1/m)Nf . Hence, the densitiesn65N6 /V are
given by

ns5Gs

w2s1g2s,2s2gs,2s

~w11g11!~w21g22!2g12g21
, ~116!

wherews (s56) satisfy the functional equations

ws
gss~11ws!12gssS w2s

11w2s
D g2s,s

5eb~es2ms!.

~117!

Let us define the Sutherland transformations,zs5111/ws

for s56. Substituting these into Eq.~117!, we get

~zs
gs,s2zs

gs,s21
!z2s

g2s,s5eb~ms2es![as , ~118!
-

-

it

wherem11m250 is usually assumed such thatz1z251.
And the pressureP, the total numberN, and the difference
M between the numbers of the species of the system
given by

PV

kBT
5G1~ ln z11 ln z2!, ~119a!

N

V
5G1~n11n2!, ~119b!

M

V
5G1~n12n2!, ~119c!

n65G6z6

]

]z6
ln z6 , ~119d!

respectively. Generalizing the method of Sutherland,8,19 let
us define the expansions

ln z65 ( 8
l 1 ,l 250

`

cl 1l 2
6 a

1

l 1a
2

l 2

5 ( 8
l 1 ,l 250

`

cl 1l 2
6 z

1

l 1z
2

l 2e2 l 1be1e2 l 2be2, ~120!

where8 means thatl 15 l 250 is excluded from the summa
tion andcl 1l 2

6 ($gmn%) stand for functions of all MFES param

eters $g11 ,g12 ,g21 ,g22%, and we have denoted
cl 1l 2

6 ($gmn%) by cl 1l 2
6 for the sake of simplicity if there is no

confusion.P and the densitiesn6 are represented by

PV

kBT
5G1 ( 8

l 1 ,l 250

`

cl 1l 2
a

1

l 1a
2

l 2 ,cl 1l 2
5cl 1l 2

1 1cl 1l 2
2 ,

~121a!

n15 ( 8
l 1 ,l 250

`

l 1cl 1l 2
1 a

1

l 1a
2

l 2 , ~121b!

n25 ( 8
l 1 ,l 250

`

l 2cl 1l 2
2 a

1

l 1a
2

l 2 . ~121c!

Thus, once the coefficientscl 1l 2
6 are obtained, so is the equa

tion of state of the system. Let us find the coefficientscl 1l 2
6 .

From Eq.~118! we find

z1511a1z
1

12g11z
2

2g21 , ~122a!

z2511a2z
2

12g22z
1

2g12 . ~122b!

Thus, we can use the result@see Eq.~78!# for the case of
M52 in the preceding section. Let us define

s15 l 1~12g11!2 l 2g12 , s252 l 1g211 l 2~12g22!.
~123!

Then we obtaincl 1l 2
6 andcl 1l 2

5cl 1l 2
1 1cl 1l 2

2 as
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cl 1l 2
1 52 l 1g21 )

a51

2
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~124a!

cl 1l 2
2 52 l 2g12 )

a51

2
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~124b!

cl 1l 2
5cl 1l 2

1 1cl 1l 2
2 52~ l 1g211 l 2g12!)

a51

2
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~124c!
h
-

ts
-

on
eal
all
as

eal

.
od

we

s

respectively. And the lower coefficients are given by

cl 105gl 1
~s1!, ~125a!

c0l 2
5gl 2

~s2!, ~125b!

where gl(s) are the Sutherland coefficients of Eq.~111a!.
The first few terms of this result were obtained by Mas
kevich @see Eqs.~13!–~16! in Ref. 21# and Isakov and Mash
kevich @see Eqs.~2.13!–~2.20! in Ref. 22#, where higher
terms were guessed. Here we note that wheng125g21

50, the cl 1l 2
is separated as cl 1l 2

5cl 1
(g11)d l 1,0

1cl 2
(g22)d l 2,0 , wherecl(g) are the Sutherland coefficien

of Eq. ~114!, since Eq.~118! is decoupled into the two equa
tions, zs

gs,s2zs
gs,s21

5as for s56.

C. Ideal multispecies quasiparticle gases with MFES

As was discussed recently by Nayak and Wilczek,17 Isa-
kov, Arovas, Myrheim, and Polychronakos,18 and Iguchi,19
-

the QSM formulation in the momentum representati
allows us to evaluate the equation of state for an id
gas with pure FES in arbitrary dimensions and obtain
the exact cluster coefficients in the cluster expansions
well as the virial coefficients.18,19 We now show that
this is also true for the system of a multispecies id
gas with MFES. For this case, let us assume thatgi j

ab

5gabd i j , which definesz i
a5za(p). Then, we have Eqs

~21! and ~22!, which are represented by using a go
quantum numberp. If two species ofa56 such as spin
and charge excitations are taken into account, then
can use the above result of Eq.~124!. Assume the par-
ticle energy e6(p)5p2/2m6 and take e5p2/2m1 such
thate2(p)5te with t5m1 /m2 . Then, the density of state
is given by ND(e)5(m1/2p\2)D/2@1/G(D/2)#e (D22)/2.19

Using a6(p)5exp$b@ma2e6(p)#% together with the
expansions of lnza(p) @Eq. ~121!#, we find
d

uch
P

kBT
5

1

lD ( 8
l 1 ,l 250

`

bl 1l 2
z

1

l 1z
2

l 2 , ~126a!

N

V
5

1

lD ( 8
l 1 ,l 250

`

~ l 11 l 2!bl 1l 2
z

1

l 1z
2

l 2 , ~126b!

M

V
5

1

lD ( 8
l 1 ,l 250

`

~ l 12 l 2!bl 1l 2
z

1

l 1z
2

l 2 , ~126c!

bl 1l 2
5

cl 1l 2

~ l 11t l 2!D/2
52

l 1g211 l 2g12

~ l 11t l 2!D/2 )
a51

2
1

l a!
~sa21!~sa22!•••@sa2~ l a21!#, ~127a!

bl 105
1

~ l 11td2!D/2

1

l 1!
~s121!~s122!•••@s12~ l 121!#, ~127b!

b0l 2
5

1

~ l 11td2!D/2

1

l 2!
~s221!~s222!•••@s22~ l 221!#, ~127c!

wheresa’s are defined by Eq.~123! andl is the thermal length defined byl[A2p\2/m1kT. These functions are regarde
as generalized two-variable polylogarithms27 and turn out to be generalized zeta functions such as Eisenstein series28 if m6

50 such thatz15z251.
This argument can be straightforwardly extended to the systems ofM -species quasiparticles more than two species s

that the energies are given byea(p)5p2/2ma . Following the above argument, let us denote ase5p2/2m1 such thateb(p)
5tbe with tb5mb /m1 . Suppose that the expansions are given by
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ln za~p!5 (
L51

`

(
l 11 l 21•••1 l M5L

cl 1l 2••• l M

a a1
l 1a2

l 2
•••aM

l M , ~128!

where the coefficientscl 1l 2••• l M

a are represented by

cl 1l 2••• l M

a 5U l 1~12g11!2s1 2 l 1g21 ••• 2 l 1gM1

2 l 2g12 l 2~12g22!2s2 ••• 2 l 2gM2

A A � A

2 l Mg1M 2 l Mg2M ••• l M~12gMM !2sM

U
aa

)
b51

M
1

l b!
~sb21!~sb22!•••@sb2~ l b21!#.

~129!
i-
a

bl
lt

ns,
em.
th-
on
n-
nge
ht,
he
rem
s in
a-
hod.
-
s to
ith

o-
nd-
on
l-
nd
of
nk
the
or
t,
nd
Here u uaa means that theath row and theath column are
eliminated in the determinant and thesj ’s are defined by

s15 l 1~12g11!2 l 2g122•••2 l Mg1M ,

s252 l 1g211 l 2~12g22!2•••2 l Mg2M ,

A

sM52 l 1gM12 l 2gM22•••1 l M~12gMM !. ~130!

Hence, we find the generalized cluster expansions as

P

kBT
5

1

lD (
L51

`

(
l 11 l 21•••1 l M5L

bl 1l 2••• l M
z1

l 1z2
l 2
•••zM

l M ,

~131a!

N

V
5

1

lD (
L51

`

(
l 11 l 21•••1 l M5L

Lbl 1l 2••• l M
z1

l 1z2
l 2
•••zM

l M ,

~131b!

bl 1l 2••• l M
5

(a51
M cl 1l 2••• l M

a

~t1l 11t2l 21•••1tMl M !D/2 . ~131c!

This corresponds to the results of Mashkevich20 and of Isa-
kov and Mashkevich21 as a generalization to those for arb
trary dimensional systems with MFES. It is also regarded
a generalized many-variable polylogarithm27 and a general-
ized many-variable zeta function whenz15•••5zM51.28

VIII. CONCLUSION

In conclusion, we have presented a method that ena
one to obtain the thermodynamics of an ideal gas of mu
s

es
i-

species quasiparticles with MFES in arbitrary dimensio
using the generalization of the classical Lagrange theor
This is thought of as a generalization of the method of Su
erland for the pure FES case in the CSM in one dimensi7

to the case of multispecies with MFES in arbitrary dime
sions. The generalized Lagrange theorem and the Lagra
series expansions are of great importance in their own rig
since they are very powerful when we applied them to t
physical systems described before. By the aid of the theo
we have been able to obtain the exact cluster coefficient
the cluster expansions in all order without any approxim
tion. This demonstrates the advantage of the present met
It will prove very interesting to further investigate the con
vergence of the generalized cluster expansions as well a
study the other systems of multispecies quasiparticles w
MFES using this promising method.
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Vols. I & II.


