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Generalized Lagrange theorem and thermodynamics of a multispecies quasiparticle gas
with mutual fractional exclusion statistics
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We discuss the relationship between the classical Lagrange theorem in mathematics and the quantum
statistical mechanics and thermodynamics of an ideal gas of multispecies quasiparticles with mutual fractional
exclusion statistics. First, we show that the thermodynamic potential and the density of the system are ana-
Iytically expressed in terms of the language of generalized cluster expansions, where the cluster coefficients are
determined from Wu’s functional relations for describing the distribution functions of mutual fractional exclu-
sion statistics. Second, we generalize the classical Lagrange theorem for inverting the one complex variable
functions to that for the multicomplex variable functions. Third, we explicitly obtain all the exact cluster
coefficients by applying the generalized Lagrange theof&n163-182608)03335-9

I. INTRODUCTION for all the higher order coefficients the analytic expressions
were conjectured. Although their results seem very plausible
The concept of spin-charge separatibas attracted much and reasonable, we have been unable to justify the analytic
interest from physicists in recent years. It has been believe@ixpressions of the cluster coefficients.
that the concept is very significant and responsible for the In this paper we would like to show that the classical
origins of highT, superconductivity, quantum Hall effecf, ~ Lagrange theorem and the Lagrange series expansion for the
anyon superconductivity,and Mott transitior?. The spin- functions of one complex variatfecan be generalized to

charge separation is essentially realized by the two types ¢f0S€ for the functions of many complex variables, and that
excitations—spin and charge excitations—in the system. Ahese generalized results enable one to obtain all the exact
microscopic derivation for this was first carried out for cluster coefficients in the cluster expansion for a multispe-

the Tomonaga-Luttinger mode(TLM),° the Calogero- cles qua5|par_t|clt_a gas with MFES. . .
Sutherland modelCSM),”2 and the Haldane-Shastry model The organization of the present paper is the following. In

9 . . . ec. Il, we introduce the QSM for a multispecies gas system.
(HSM)Z The _splln-charge separation regulted n thg CONCER, Sec. 111, we review Haldane’s definition of FES and Wu's
of Luttinger liquids in one dimensiotf. Since the spin and

h o ind q : h oth h SM formulation for the system of an ideal gas with MFES.
charge excitations are not independent of each other, tig sec |y, we generalize the Sutherland transformation and

effect can be taken care of by mutual fractional exclusionye formulate the cluster expansions for a multispecies sys-
statistics(MFES) (Refs. 11-1pbetween the two excitations. tem with MFES. In Sec. V, we generalize the classical
This situation was expected to be correct even for the higherl:agrange theorem for inverting single complex variable
dimensional system$. However, the system having the functions to that for inverting multicomplex variable func-
spin-charge separation is not the only system where MFE®&ons. This provides the generalized Lagrange expansions. In
plays an important role; there are many other such systemsec. VI, we apply the generalized Lagrange expansions to
Therefore, it belongs to a broader category for the systems afbtain the exact coefficients of the generalized Lagrange se-
multispecies quasiparticles with MFES. Thus, this class ofies for the multispecies systems with MFES. In Sec. VII, we
systems seems to be very important in the study of stronglgpply the coefficients of the generalized Lagrange series to
correlated systems. To understand the thermal properties oépresent the exact cluster coefficients for many physical sys-
such a system of multispecies quasiparticles with MFES, it isems. In Sec. VIII, we draw conclusions.
inevitably necessary to consider quantum statistical mechan-
ics (QSM) of the system in order to obtain the equation of
state for the system. However, it has been extremely difficult Il. QUANTUM STATISTICAL MECHANICS
to do so, except for the pure FES cas€g’since MFES are ot -
given by a set of functional equations for Wu’s distribution " QSM,™ it is well known that the grand partition func-
functions!? tion Q for an M-species gas can be written as

Recently, some efforts have been made in this direc-
tion2°-22 |sakov, Mashkevich, and OuvR), Mashkevich?! .
and Isakov and Mashkevithhave presented the analytic Q= D Quin,...nZhZd2. . ZNm 1)
expressions of the cluster coefficients of cluster expansions N0 M NN oM
for the systems with MFES. In order to obtain the expres- ) . .
sions of cluster coefficients in the cluster expansion, they €€ Qnyn,-n,, (=Qn) means the microcanonical parti-
explicitly expanded Wu’s functional relations up to severaltion function forN particles andN==_,N, such thatN,

order terms of the expansion by using computer algebra, ang 2;N?, whereN, is the number of species and N? the
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number of speciea of a good quantum numbeir, respec-
tively. z,=exp[Bu,] stands for the fugacity of species
where u, is the chemical potential of species and 8
=1/kgT. The thermodynamic potenti@l and the total num-
berN of the system are given frol@ as

Q=—PV=—ksT In Q, 2)

J
Nzg Nazza Za&_za In Q, 3

respectively. As we can expan® as Q=1+Qjq...021
+---, we can expand I@ as (1V) In Q=byg...gz1+ - -.
Hence, we can expand tlie andN in the form of the cluster
expansiof* as

b1, 1, 2022 2
- (4a

I—b|1|2-..|MZI112|22' -z, (4b)
L

£=1 M7
a=1'a
whereb|1|2.,,|M (=by,) are the cluster coefficienté.
For the one-species case ldf=1, one can writeP/kgT
=F(2)=2_,bZ and N/V=2z(3/92)F(2)=3]_,lb,Z.
Then, Lee and Yang's theoréntells us thaif there exists a

singularity of Hz) on the positive real axis of a complex z

plane, then there is a phase transition in the syst&here-

fore, the convergence of the cluster expansion is exactly re-
lated to the existence of a phase transition in the syste
Thus, the explicit evaluation of the cluster coefficients is
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where G? is a constant and interpreted as the number of
available single-particle states of specé&ewith good quan-
tum numberi when no particle exists in the system.

B. Wu's formulation of QSM with MFES

Following the argument of Wi'6for the QSM formula-
tion of the MFES ideal gas, we define the microcanonical
partition functionQy by

Qn=2 W({N}e PEND, W)
N7
o pr [DEHNE-1]!

W({Ni})_:!.’_.a[ NAI[DE_1] (8)

where E({N?}) ==, ,¢N?. The most probable distribution
of Q is given by taking the extremum condition
81 SNF{In WEN + 2 p8(€— up)NP}=0. This yields Wu's
distribution functionw?*:

b

1 n;
wi=— — ’?b—J' 9
=2 9 9
b
a Wlb gjia (el 11q)
(1+Wi)H) TTw :eﬂ € :“’a, (10)
I j

Awherenf=N?/G andg'{°=g{’G/G?. Now, the thermo-

dynamic potential) and the total numbeX are written as

very important for the theory of phase transitions. However,

since usually it is extremely difficult to analytically obtain

the exact cluster coefficients for the multispecies c&$eS,

0 P 1 14+w?
= =3 G2In | ——
VieT T v © '”( Wi ) (v

much knowledge is still absent. The present paper will show

that one can obtain the exact cluster coefficients for the sys-

tem of a multispecies quasiparticle gas with MFES:

Il. MUTUAL FRACTIONAL EXCLUSION STATISTICS
A. Haldane’s definition of MFES

Haldane’s original definition of FEfRef. 1)) is general-

N 1 o P
NoiSemeeS 20 F
vova Gt 4 az?( keT)’ (12

i, i,a

respectively. They are valid for all the cases with the differ-
ent species and a set of good quantum numbers.
Here, we would like to note that Isakbvindependently

ized to the definition of MFES with a set of good quantum OPtained results similar to Wu's at almost the same time Wu

numbers so that the statistical interacticg{?# are given by
the differential relations

AD?=—D2]_ gaPAND, (5)

whereD? is the dimension of the Hilbert spat# of states
of a single particle of speciesand good quantum number

confined to a finite region of matteR? can change as par-
ticles are added, while keeping the boundary conditions an

the size of the condensed-matter region cons@fis given
by the integrated form

D= 6!~ gi(N}~3;0up), ®)

published his resultgon the Internet (however, Wu first
obtained his results about two years before publication

IV. SUTHERLAND TRANSFORMATIONS
AND CLUSTER EXPANSIONS

The main difficulties for calculating the thermodynamic
potential lie in the fact that Eq10) represents a set of very
complicated functional equations for MFES. Therefore,

hen MFES is taken into account, there has been no good

ethod to explicitly obtain the cluster coefficients in the
cluster expansion from Wu’s distribution functions', al-
though several authd®??have attempted to obtain them by
considering the special cases of multispecies systems with
MFES, explicitly expanding Wu’s functional relations. We
now present a method to resolve this problem.
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A. Sutherland transformations particle energy ase _fa(p) p2/2ma for a=1,... M.
Let us define the following transformation: Then, by using a good quantum numlgerEgs. (14) (16)
are represented as
. L1tw
é’/i = a ° (13)
Wi g Jaa—1 g Blra—€a(p)]
- o _  [La(p)%a—ga(p)%ea T Ly(p)Oba=eflia=alPl=q (),
This is a generalization of the transformation that is first b#a
adopted by Sutherlafidor the Calogero-Sutherland model (21)
(CSM),”8 and hencew?=1/({2—1). Substituting Eq(13)
into Egs.(10)—(12), we obtain the following: P 1
ba a kB—T: va,p n ga(p)' (22)
()9 = (¢ —1] [[ (Hur=eflraD=a?,
b(#i,a)
(14) N N g1
V2V o2 g,y Mam. @3
P a a Za Vp
KTV - 2 G%In 22, (15)
Therefore, we obtain the cluster expansions as
N 1
-=-> 06 In 2. (16) o
vV vV P |
==2 bl{I11I 27, (24)
kBT L=1 Sala=L b
B. Cluster expansions for the multispecies systems with MFES
The problem now is how one can obtain the power series N O
expansion of I with respect to the fugacity. Let us denote — = 2 Lb[{l?}]]_[ sz, (25)
as Inf’=w? and suppose thab? is expanded in the follow- A b
ing form:
e e T o DLl 1= oS elilale PP, @9
of= 2" ¢ [{Ii}]ﬂb (D), (17 Vs

{Ify=0
wherec{[{I?}] stand forc{,iex}ia({gﬁb}) which are functions

of {I2} (the set of integer§l2,15,---}) and{g%b} (the set of
all MFES parametejsand’ means thati=I13=---=0 is
excluded from the summation. Substltutlng E47) into
Egs.(15) and(16) yields the generalized cluster expansions
of forms from Eq.(4):

V. GENERALIZATION OF THE LAGRANGE THEOREM

From this section we are going to explicitly obtain the
cluster coefficientsc,[{l,}]. For this purpose, we first
present the generalization of the Lagrange theorem for the
Lagrange series expansion for the one complex variable
function$® to the one for the many complex variable
functions?®

P b
W7o, = bz, (18
b A. Cauchy theorem for many complex variable functions

" Denote byz=(z,,2,, ... ,zy) the set of con&plex vari-
_ a b ablesz;,z,, ... ,zy . Thisz defines arM-torus,C". Define
_LE Lb[{li}]q Zp s (19 the M-disk of CM=C,xC,Xx --- X Cy, such that|z,— p,|
<r,, a=1,... M,?® where p, denote constants. Denote
1 by f(z) an analytic function of many complex variables,
b[13]= _2 G?c?[{l?}]e‘ﬁfia. (200  Which is defined over a domald C CM. Then, one has the
Via generalized Cauchy theoreth:

In this way, once thef[{I?}] are obtained from the set of M
functional equations among the other species with the MFES f(2)= ( 1 ) f f(£)dZyddp- - - diw _
[Eq. (14)], then the problem can be solved. This method can 2] JeM({1=20)(L2=22) - - (Em—2Zm)
be thought of as a generalization of the method first adopted (27
by Sutherlan@ifor the CSM(Refs. 7 and Bin one dimension
where only one variable: appears for the pure FES to ap- This provides a Taylor expansion 6z):
plied systems with MFES where many variabtes appear.

For example, in the case of the system ofMmspecies o
ideal gas with MFES where the statistical parameters are f(2)= 2
defined byg;"}b: Jabdij » one can define a§'={,(p) and the CS1 141+ T H Iy =L

f,1|2_,,|Mz'11~-z',\’,|\", (28
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- :(L)MJ f()dz,dey- - -diy B. Generalized Cauchy theorem
s\ 2 c™ gl11+1 I22+1' a Ir\%ﬁl Let us generalize the Cauchy theorem for a set of analytic
functions. Let us define a set of analytic functions Mf
1 Jatlate iy complex variables a§,(z)(a=1, ... M), which are de-
= — —£(0,0,....,0. fined over a domaild C CM. Suppose that there exist the set
Lol It 9ztaz2- - - oz, of zeros such tha,(z2)=0 (a=1,... M). Then, we have

(290  the generalized Cauchy theorem:

() f(0)
f(z)—(z—ﬂi LMFlsz(z)---FM@)dFldFZ'"dFM (30
()" f(2)
_(ﬁ> fcMFl(z)Fz(o--~FM(§>'JM'd§1d§2'“d5M' (31
where|Jy| means the Jacobian, which is defined by
IF1() R Fi(d)
¢! 28 I
IFa()  dF,(0) dF »({)
_ ﬂ(Fl,Fz,...,FM)‘_ 3 P -~
|JM|_ a(§11§21 15M)|_ :gl :£2 . {M : (32)
dFu(Q) dFu(d)  dFu(d)
daly e alm

C. Generalized Lagrange theorem

Let us next derive a generalized Lagrange theorem. Define the set of analytic functions of many complex vafa®s as
fora=1,... M, which are defined over a domanC CM. Assume thaF ,({)=x,(a=1, ... M) are satisfied at and give
simple roots for each variable @f,. Suppose that there exist the rootsFqf{(z) =0 such that the roots are single for each
variable ofz,. If we assumdF,(¢)|=|x,|, then the roots of ,(z)=x, do not change too much from the roots ef(z)
=0. Therefore, this situation can be regarded as a generalized Reéueteen?? If this is true, then Eq(31) can be
generalized to

g(z)=(i.)Mf o) dF,dF,---dF (33
27 cMIF1(0) =X ][F () —Xo]- - - [Fm(O) —xm] * 2 M

NER 9(9)

‘(ﬁ) LM[a(o—xﬂ[Fz@)—xZ}'-[FM@)—XM]'JM'dglng'"dgM’ (34

where the Jacobialdy| is defined by

I(F1—X1,Fo—Xa, ... yFM_XM)|_ d(Fy,Fy, ... 1FM)|

NVIES = . 35
Hwl d(£1:820 - Lm) |1 a(6adan o b | 39
Let us use this to generalize the Lagrange theorem for inverting the functions. Define
ga_ Pa

F.(0)= a=1,... M), 36
such that Rouche condition is satisfiedi.e., |[X,¢4| <|{a—pal,@a=1, ... M), wherep, are all constants. Hence, the set of
equationg-,({)=x, (a=1,... M) gives

{a=PatXaa(d) (a=1,... M), (37)

which definex, as the functions of such thatk,=x,({)(a=1, ... M). Let us invert Eq(37) as{,= {4(X), which is known
as the Lagrange series expansiolif. the above Rouchs condition is satisfied, then we find
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da ddg
IFa({) _d (ga_pa): Oapba—(La=Pa)77— a

B T .
FTARRETAW S p R 38

where in the last step we have used the relatipn p,+Xx,¢4(£). Substituting Eq(38) into Eq. (35), the Jacobian becomes

99D () 99D
X 78 X 29 X1 dlwm
b1 b1 b1
B dpa(L) 1- dpa(L) 3 dpa(&)
3o X2 74 X2 29 X2 dlwm
Owl=1 =, % b2
9o (D) __ dPu(d)
X aly Xu 29 X dlm
dm LTy LTy
1— dp1(&) B dp1(&) B dp1(L)
X1 28 X 78 X dlm
1 x dpo(L) « dPo({) « dP,({)
- - 27 T2y T2y
bibr b | & ‘ &2 . Im (39
x dpm(?) x dpm(2) o 1—x dpu(L)
Moz, Mg, M agw

On the other hand, the denominator of E8#) becomes

1
[F1(D) —x1][F2(d) —Xz]- - '[FM(§)_XM]:m[§1_p1‘><1¢1(§)][§2_pz_X2¢2(§)]‘ [m—Pmu—XmPm(O)].

(40)
Hence, we have
R 9()[Iwl

g(Z)_(ZWi) fCM(gl_pl_xl¢1)(§2_p2_x2¢2)'"(gM_pM_xM¢M)d§1d§2.“dgM, @D

1— dp1(8) 3 dp1(&) 3 dp1(&)

X 74 Lo, X dlm

Ly dpa() y dpa({) Cy dPo({)
|Iv|= 20y 2 9L, ey (42

9em o ddm() . 99u(d)

Xu iy X 29 Xu Ilwm

Let us expand both the enumerator and denominator ofg with respect tox, (a=1

..... M). Here, we can expand the
denominator as

! = S —|—¢LaXI; 43
fa— pa_xa¢a_|a:O (ga_pa) atls ( )
Hence, we have
1 _ i ¢’|11¢|22 ll\?llI Xllxlz---XIM
(£1=P1=X181)({2=P2—X22) - - ({m—Pm—Xmdm)  {1=0 (G- p)" 7 (L= po)'2 - (Lu—pw)' M2 M-

(44)
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The determinant in the enumerator is expanded as

M

_ ¢J d(;, bw) M b1, b2, ..., ou))|
1wl =1=2, 5, glxlxk Al A row o | “9
Substituting Eqs(44) and (45) into Eq. (41), we find
9(2)= 2, > Oiyly 1y, X XEXZ Xl (46)
L=1 I3+1+- - +ly=L
where
M M
g1, 'M:K'(?)"'M_le K|(1l ; IR RRR D |+"'+(_1)MK|(:A—)1...|M—1- (47)
Here we have defined as
1M $1(0)'1 - ('™
0 | _—_
Kll"'lM_(Zﬂ-i) J g(g)(g p)ll+l (gM Pum )IM+ld§l g (48@
| 1y 9P
1 \M 9P (D" (DI pu(HM——= a7,
(1) i
Ky (%i) fcwzl—pl)'l”-~<§j—pj>' Ty pay 1A (48D
<2 (L)MJ 9O (VGO puO™ oy b0l
oottt 2 | Jem(4—p)tT (=)l (G e (=P M T a0, 00 |t M
(480
1AM 9(D)du(D' (O Ha(y, - 2l
(M) I
K=t (2wi) o (Lo PO (P | a(Lr, - ) |02 Ao (48m
respectively. From the generalized Cauchy theorem we find the following relations:
1\M $1(0)'1 - pu ('™
.. I —
9(P)d1(P)'- - - du(p) (zqﬂ) fCMg@)(,:l_pl).,.(gM_pM)dgl dZu, (493
" G20t - (O ¢M(§)'M;§‘
I . lji—1 | J ] ..
9(P)pa(P)- -~ j(P)I " Pm(P) M — = (277') f 97 "o =) (lu—pw) dlw
(49b)
L _ a(¢!¢)
O(P) 41(P)'s- - (P B ()| Z S
i,
G1(0'1 - (O (DT pu(O'M (d’? P
:(_) f 9(d) LA TR (490
27 cM (&1=P0) (=P (Le=PK) - ({m—Pm) ! M
1.-1, . Im—1 a((ﬁl"”!(bM)
g(p)d1(p) éum(p) ETREN )
9 R
y ¢1(§>'11---¢M(§)'M1H
:(z_wi) w99 (G P (Gu—pw) G A, (49m

Using these together with ER9), we obtain
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1 a|l+-~-+|M
(0) - | |
K = T &pal___apw[g(p)rﬁl(p)1~~¢>M(p) "], (509
| (9|1+--<+|j-~-+|M71 é,d)
(1) = ] ... :(p)i~1... L
K|1...|j—1.A.|M—|1!.”|M! &plll‘-'&p;i_1~--ﬁpb"\g(p)gbl(p)1 ¢i(p)i d)M(p)Mﬁpj)’ (50b)
K20
IJIk &|1+~»-+Ij+~»-+|k+--<+|M72 / | . | &(d)!qsk) )
= - - ... i—1... k—1... | =225 (500
Iyl (?plll--'&p;j 1.“&ka 1~-<9p',\§|"\g(p)¢l(p) @(p)i é(P) ém(p) 7(p; Py (500
() l-ly @t HmM : et -t Ny, .. bm) ) (50m)
= — — B —— . m
et gy 5p|11 1...ap|’\;\|/l 1\g(p $1(p Pu (P APy ---,Pm)
The above result can be written in the following way: Let us def@gp) =Gpn(p1,P2, - - - .Pm) aS
M
_ I I [ * I -1 I I¢;
Gm(p)=d1- - ImL9(P) P1(P) 1 h2(P) 2 - - dm(P) M]_J-El dy- 95 - dm| 9(P)a(p)'L- - - Bi(p)] "'¢M(p)M07_p
= j
- A bi i)
* * = - j Pk
+ > ap Oj O '3M(9(p)¢1(p)|1' (P (P p(p)'M J— )
j<k=1 a(pj Pk
_ _ ﬁ(d’l!"'!‘ﬁM))
+(—1)M -1, .. Lt LA A ) 51
(=" 9(p)é1(p) ém(p) 3P1r ) (51
whered; =l dp; and&j* means elimination of; . Then we find
1 9t
gllomozm%IllTlGl(pl)- (52a
1 a|1+|2*2
9111,0---0= [ 11 §p|11—1ap|22—162(p1:P2), (52b)
1 (;,I1+I2+---+IM7M
S TP o &p|11—1&p|22—1‘ ) 'apll\%—lGM(p)- (52m)

Thus, we are able to complete the inversion of the set of the functions. Hence, this is the generalization of the Lagrange
theorem for the single complex variable functions to that for the multicomplex variable functions.

VI. LAGRANGE EXPANSIONS FOR SYSTEMS WITH MFES

The above formulas are still too general, so that the inversion depends on the characteristics of the fgpCdior(s
=1,2,... M). However, if the functions have a particular condition, then the problem becomes much simpler. Let us find this
condition in our problem of the MFES. From E.4), we divide this byZ,(p)%a"1. Then we get

la(p)=1— aa<p>§a<p>1-9aat1;[a {p(p) 9. (53

Therefore, in the case of MFES we identify as
p.=1, (54)

Xa= gy, (55
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ba(0)= z;‘gaatgla Z, %, (56)
which yield
ad’a 5ab Oba
o (3] (57)
From this, we find
J ‘f’j 911
AL (4] (583

(&)  ddi(&)

i, ) _ 29 Ik :‘1—911 —0kj | ¢(D) di(&) (58b)
(&, L) P (L) IP(D) Ok 1-owl §o
29 29"
1-911 —921 - —Om1
b1, dm) _| 792 1-092 -+ —9m2 | d1() - du(d) (58m)
[ CSTRERNAY): : g {1 v
—Omm —Om - 1—Omm
Using these for Eq49), we find
| li—1 L 9P gJJ | I |
g(p)¢1(p)'t-- - ¢i(p) ---¢M(p)M35f —g(P)d1(p)'t- - Bi(p)i-- - du(p)™, (593
L _ ﬁ((ﬁ!d’)
O(P) 4a(P)'s- - ¢y(P) - B du(P)W| Fep S
L P 19(P) ha(p)'r- - ()i - pya(p)'M (59b)
PiPl =9k 1—Okk ! . M '
1-911 —921 - —Om1

g(p)p1(p)'1- - - py(p)'™.

Ny 1 ~g1, 1-0» -+ -9
G(D) ba(P)1 - gy 2P O] e "

d(P1,- - Pw) | P1vPwm

—O0wim —%m - 1-Oum

(59m)
On the other hand, we also have

$1(p)"15(p)'2- - pu(p)'M=(p; 9p, %% - p, M) (p, 912p; 922 .. p M2)l2. . (p, GMp G2 Oy

:pl p2 ...piAM, (60)
where we have defined as
$1=11(1—g10)—120910— - —\mO1im., (61a
2= —11021+12(1=020)— - - —Iulom . (61b)
sm=—l19m1—120m2— - - +1m(1=gum), (61m)

respectively. Substituting E¢59) into Eq. (51), we find
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M
Gu(p)=d1- - du[9(p)PSP2- - ~p§AM]—JZl i (1=gj)d1- - 3F -+ - aula(p)pT P+ - ']

. % li(1=95)  — 19

Oree- 0% 0% .0 Sto.pSiTl pxTLl pSu
D e BN e k ml9(P)P - - p; Py Pw']

l1(1-g10) —11921 —119m1
=101 12(1-02) - —129m2 _ _

+H(-DM : . : [a(p)pyt = pa 1. (62
—Ivm91m —Iwgom - Im(1=0um)

In our physical systems of MFES, we are concerned with the thermodynamic potential @2t herefore, they(p) is
given by

M

g(p)= El In p,. (63)

a=

From this, if we regarg, as parameters, then we find the following propertieg(qf):

1
ﬁ;g(p)=5, 9;0,9(p)=0,0;9;0,9(p)=0, etc. (64)
]

Using these properties, we can calculate ®6) as follows. Let us present here some examples to see how the above formulas
work.
Let us first consider the case df=1. In this case, we have the following:

1 allfl
gllzm<%|11T1G1(p1)> pl:1, (65
whereG;(p,) is defined by
G1(py)=a1[9( pl)pil]—g(pl)ll(lp;lg”) P, (66)
with s;=11(1—g49). This can be simplified as
G1(p1)=1[9(P1) 1P +0(p1)d1pT —9(P)1(1— g1 PS5t = a1[a(pa) 1IR3, (67)

where in the last step we have used the relasipal (1—g,,). Sinceg(p;)=Inp;, d,9(p1)=1/p;, by substituting Eq(64)
into Eq. (67) we getG,(p1)= pil_l. Hence, substituting this into E¢65) yields

1 ﬂll_l s 1 all_l
_ 1—1 _ 11(1—g19—-1
g|1_ |1|( 1—1 p]_ - |1| apl]_*l p_‘]_
p;=1

p;=1

1
= m[ll(l_gll)_1]['1(1_911)_2]' [1(1=g1)—(11—1)]

1
:m(|1_1_|1911)(|1_2_|1911)'"(1_|1911)- (68)

Second, let us consider the caseMf 2. In this case, we have the following:

1 gitla—2
—1G2(p) . (69
2

92T gpli Tp

Here theG,(p) is defined by
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Ga(p)=1d2[9(P) P P21 —11(1— 1D d[g(p)p3t lp?] —12(1=922)31[9(p) pilpzz_l]

11(1—910) —11921 _ _
- N IO e
15912 12(1—02)

where we have defined as
$1=11(1—g11) — 12012,
S;= 110,11 12(1—02)),

g(p)=In py+In p,.

By using the relations of Eq64), we obtain
Ga(p)=p3 Py TA2+0(p)B,],
Az=811+5;—11(1-011) —12(1—02),

11(1—910) —11921
=101 12(1-02)

Bo=515—11(1- 091182~ 12(1—g20)s1 +
By direct calculations oA, andB,, we obtain
Az=— (11921712010,

l1(1-919)—5s1 — 11921
— 15012 [2(1-g20)—S;

Hence, substituting Eq73) into Eqg. (69) yields

=

‘ 11921 — 1192

—12912 12012

li+1,—2
9i,1,= — (11921112912 L ?il i I 1p511p521)
12 |1!|2!\ﬂp11 ﬁpzz 1 2 o
p1=p,=1

1ot o 1ot
=— (11921112912 m_lflpl T
=1

ap;

1
= _(|1921+|2912)m(31_1)(51—2)' s — (=D ](s2—1)(s5—2) - - - [s,— (I,— D) ].

On the other hand, by following a similar procedure we find

1/ v 1
9i,0= F(WD? 1) =m(81—1)(51—2)~-'[31—(|1—1)],
1 p1=1

12t 1
901, 77| 5 —1P2 = (2= 1)(8,=2) - - [s— (12— 1) ].
2 |2. ﬂpz 0,=1 |2.

-

Third, let us consider the case bf=3. In this case, we have the following:

1 gitlatis=3

alala "I, 1TT| apl Tapl Tap

=1 G3(P)

3 p1=p,=p3=1

Here theG3(p) is defined by

6901

(70

(713
(71b

(72

(73

(74)

(79

(76)

(77

(78)

(79

(80)

(81
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G3(p)=61¢92a3[g(p)pi1p22p23]—|1(1—gll)&zﬂg[g(p)pil_lpzzp?]—|2(1—922)31&3[g(p)pi1p22_1p§3
_ 11(1—-911) — 1192 _ _
—13(1- g2 13,[9(P)PPZPY 1+| 7 lada(ppy e
12012 12(1—02)

11(1—-911) —11031 61 5 se1, 121702 1203, S s—1 Sa—1

+ a 1 213 + a 1 2 3
—l3013  13(1—033) A9(PIPy” PPy —l3023  13(1—033) lglPipyp;” Py
11(1—-911) =119 =193

+| —lg  1(1-92)  —19% |[g(p)pd PR pE T, (82
13013 —l3g2s  13(1—03a)

where we have defined as

$1=11(1=011) — 12912~ 130913, (839
S2= — 11921+ 12(1—020) — 13923, (83b)
S3= — 11931~ 1203+ 13(1-033), (830

9(p)=In py+In pp+In ps. (84)

After a rather tedious algebra, the above equation is given by

Ga(P) =Pt P Py TAs+9(P)Bl, (85
whereA; andB; are given by

l1(1-g10) —11921

A3=81S, 1518315553 11(1=011) (S S3) —12(1—g20)(S1+S3) = 13(1=0g3a) (S +So) +| _
12012 12(1-020)

11(1—910) —110931 [2(1—g2) — 15093, (86)
—13013  13(1—033) =138 l3(1—033)|’
11(1—910) —11921 11(1—910) —110931
B3=515,83—11(1— 0118283 1 2(1—922)$1S3— 13(1— 933)S1S, + Lo, (1) S3+ g la(1—gsa) S2
l,(1— —1 —1

I(1-0pm)  —l,0s 1(1-910) 1921 1931

si—| —l2012  12(1—-020) 1203 |. (87)
—l3023  13(1—033)
—13013 —13023  13(1—g33)

At a first glance Az and B3 look very complicated. However, comparing the above expressions to thdseasfdB,, Eqs.
(86) and(87) are simplified as follows:

_ 1(1-g1)—s1 —11921 N [1(1-g1)—s1 —110931 N l2(1—020)— S — 1503, 88
3 —120912 l2(1—020)—S; —13013 l3(1—033) —S3 —13023 l3(1—0g33) —S3|’
11(1—010)—s1 —11921 —11931
B;= —12012 l2(1-020)—S; —1,03, . (89
—13013 —13023 I3(1—0g33) —S3

Substituting the relations f@;, s,, ands; [Eq. (83)] into Egs.(88) and(89) and expanding them with respectlig I,, and
I3, we obtain

3 15912+ 13013 —11921 15912+ 13013 —11931 11921+ 13023 —1593
a=
—120912 11921+ 13023 —13013 11931+ 12032 — 13023 11931+ 15037

= 12921031+ 112021035+ 1113925031+ 1 11 2031912+ 1303912+ | 2l 3932015+ 1113015001+ 121 3012003+ 15012023, (90)
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15910+ 13013 —11921 —11931
By=| —12012 1102113023 —l03 |=0.
—13013 —13023 11931+ 12032

Substituting Eq(85) together with Eqs(90) and (91) into Eq. (81), we get

1 / glitla+iz—3

g|1|2'3:A3|1!|2”3!\<9p &plz TopL

$1—1 Sp—1 sg—1
,-1P1 Py P3

1! apy 2! apy 3! apg

1
=Aql 17

1
x| (s s 2)-~-[s3—<I3—1)]).

On the other hand, we also find similarly the following:

py=p,=p3=1

1 &ll 1 s-1 1 alzfl 5-1 1 01|3 1 o1
:A3 _|_p1 _l_p2 _|_p3
p;=1 p,=1 =

1
N (s1=1)(s1=2)- - -[s1— (11— 1)]) (g(sz—l)(SZ—Z)- .

p3=1

'[52_(|2_1)])

(vt o 1
91,00= 77| 21 =1P; = (5= 1)(81=2)- - -[s1— (1, -1)],
1 I]_ (?p |1.
p,=1
127t 1
gO|20 I | _'sz :I l( 1)(32 2)[52_(|2_1)]1
2- &p2 3 2:
p,=1
1 o 1
900, = || 5o 1Ps = (s 1)(s5-2)- - [s3~ (I3~ D],
3 &ps 3 3:
p3=1
1 g1t -1 1 927t o1
91,1,0= — (11921+12912) rwpl i !sz
1 p;=1 2 py=1

=—(11921+1,912)

1t 1 gt
91,01,= ~ (119311 13913) 77 1Py g_lﬁp3
py=1

sp—1 1 a|371 s3—1
Joi1,= — (12932 | 3923) T 52 1P2 ] —T=1P3
po=1

=— (12932t 13923)

Fourth, let us consider the case Mf=4. In this case, we have the following:

1 glitlatlatis—4

g|1|2|3|4:|1!|2!|3!|4!\aplll PP Tapls Lopla 2 4(9))

P1=pPo=

Here, theG,(p) is defined by

1
I (51=1)(81=2)-- '[51_“1_1)]) (g(sa_l)(sa_

1 1
|_,(52_1)(52_2)' 8= (l— 1)]) (|_|(53_1)(53_
2! 3!

—2)-- '[32_(|2_1)]).

2)- '[53_(|3_1)]>,

2)-- ‘[53_(|3_1)]>-

p3=ps=1

6903

(91)

(92

(933

(93b)

(930

(943

(94b

(940

(99
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s1—1 Sy S3.Sy S1,-S2—1 S35y

G4(P):31523334[9(p)pilpzzp;?’pjﬂ_|1(1_911)t92¢93¢94[9(p)p1 PP P, 1 —12(1—=022) 19394 A(P) PP, "P3P,']

—13(1- 939919204 9(PIPS PP P31 —14(1—Gaa) 910295 9(P)P3PZPIPS ']
11(1—-911) —11921 -1 so—1 11(1-9g19) =110 _ _
+ 90 1 ) 5354+ 90 S1—1 Sy S3—1 84
0 (1= A9(P)P TPy PP, a0 la(1—gag)| 2 A9(P)PT PSP TP,
11(1-919) —11041 si—1 . l2(1—-92) =103 _ _
+ 9.0 1 5253541+ 910 S1,.Sp—1 _S3—1 s,
101 la(1—gan)| 2 3L9(P)P; TP, P3P, ] g la(1—gag)| A9(P)PPY TPy TP,
12(1—92) — 12942 T . I3(1—033) — 13943 _ _
+ 910 1,52 s3s4l+ 910 S1,-.S2,.S3—1 _s4—1
Cpe la(1—gan)| 3L9(P)PT Py P3P, 7] s la(1-gup "t AL9(P) PP P P, 7]
l1(1-911) —11921 —11931
+| =102 12(1-02) 1203 c94[g(p)pilil[J;rlF);Silpz4
— 13013 —l3923 13(1—033)
l1(1-911) — 11921 — 11941
+| —l012  12(1—02) — 12942 83[9(p)pirlpzflp?pj“*l]
—14914 —14924  14(1—44)
[1(1—g10) —11931 — 11941
+| —l3013  13(1—033)  —I3043 az[g(p)pirlpzzp?*lpi“*l]
— 14914 —14934  14(1—04s)
[2(1—g2) —1,93 — 12942
+| —l3023 13(1—033) — 13043 al[g(p)pilpzflp?’*lpi“*l]
— 14924 —1493s  14(1—0g44)
[1(1—g11) —11921 — 11931 — 110941
=201 12(1-92) —1203 12042 S1—1 Sy—1 Sa—1 s4—1
+ )p;t 2 3 S (96)
—13013 —l3023  13(1—033) — 13043 9PIPy Py PSPy
—14914 — 14924 —149324  14(1—044)
Here we have defined
$1=11(1—911) — 12012~ 13913~ 14914, (97a
So=—11021F12(1—022) — 1392514924, (97b)
S3= —11031— 12032+ 13(1 — 933) — 14034, (9709
S4= 11041712942 13943+ 14(1—g4s), (970
g(p)=In py+In po+In p3+In p,. (98
After a tedious calculation, we find
_ 5171 sp—1 _s3—1 _s4—1
Ga(P)=p;" "P,° Py P, [As+9(p)B4l, (99)

whereA, andB, are given by
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A4= 515,53+ 5157541 515384+ 528354 — 1 1(1 = 011) (S2S3+ SS4+ S3S4) — | 2(1—020) (S1S3+ S1S4+S354) — | 3(1— 033) (515

+5,54+51S4) =1 4(1—Qaa) (S1S5+S1S3+S,S3) + '2(1~91) iz (s3+s4)+ (1= 0w) ~l18a (sp+5sy)
2o e aiSLRR TR e =101 12(1-0%) s —13013  13(1—033) 20
N 11(1-911) — 11941 (5,45, + 12(1—02) —15093 (8145,)+ [2(1—g2) — 15947 (51+5)
ST PP D R« A e e Y P P e o e B P PR VT S« AT R
11(1—910) —11921 —110931
l3(1—033)  — 13043
+ (s1+sp)—| —12012  12(1—02) 12932
—14934  14(1—044)
—13013 —13023  13(1—033)
l1(1-g10) —11921 — 11941 l1(1-g10) —11931 — 11941
—| —1012  1x(1-02) —12042 | —| —13013 13(1—0s3) — 13043
— 14014 —140924  14(1—944) — 14014 =493 14(1—944)
[2(1-g2) —15093 — 120942
—| —l392z l3(1—033)  —I3043 |, (100
—14924 —1493s  14(1—044)
11(1-910) —11921
B4=515,5384—11(1—011)5,8384 = 1 2(1 = 022)$1S3S4 — 1 3(1 — U33) 15284 — 1 4(1 — J44) S1S,83 + g, 1a(1—ga) S35y
N l1(1-g10) —11931 os 11(1—910) — 11941 - 12(1—02) —1,093 o5
—l3g13  ls(1—gse)| 2 * 14914 la(1—Qup)| 22 —l30p3  la(1—gsa)| = *
1(1-91)  —1192 —1193
[2(1—020  — 12042 l3(1—033)  —13043 ! ! e i
+ S;S3 s1So—| 12012 12(1-02) 1293 s,
—14924  14(1—04a) —14934  14(1—Q4a)
—13013 —l3023  13(1—033)
11(1—910) —11921 — 11941 l1(1-g11) —11931 — 11941
—| —12012  12(1—9g2) —12042 |s3—| —13913 l3(1—033) —13043 |s,
—14914 —14924  14(1—044) —14914 —1493s  14(1—044)
l,(1— —1 —1 —1
L(1-0) |05 1,92 1(1-910) 1921 1931 1941
—12012  12(1=05) —12093, —120942
—| —l3923 13(1—033) —l3043 |5+ (101
—13013 —l3023  13(1—033  —l3043
—14924 —14934  14(1—g44)
— 14914 —14924 —14934  14(1—04s)
From comparing these with the expressionsdgfand B;, we find the following:
1(1-g1)—s1 —11921 —110931 1(1-g1)—s1 —11921 — 11941
As= —12012 l2(1—020)—$; — 1,03, + —12012 l2(1—020)—S; — 12942
—13013 — 13023 l3(1—033) —S3 — 140914 — 14924 14(1—044)—Ss
1(1-g1)—s1 —11931 — 11941 [2(1-g20)—S; —1,093, — 15042
+ — 13013 l3(1—033) —S3 — 13043 + — 13023 l3(1—033) —S3 — 13043 ,
—14914 — 14934 l4(1—044) —S4 — 14924 — 14934 l4(1—0Q44) =S4
(102
1(1-91)—s1 —11921 — 11931 — 11941
B,— —120912 l2(1=020)— S — 1503, — 120942 o (103
—l3013 — 13023 l3(1—g33) —S3 — 13043
— 140914 —14924 — 14934 l4(1—Q44) =S4
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wheres;, s,, S3, S; are defined by Eq(97). Substituting Eq(97) together with Eqs(102) and (103 into Eg. (95), we
obtain

—1. 1,-1. 1,-1P1 Py Pz Py

I1+lo+13+1,—4
=A 1 grrizrisTa s;—1 sp,—1 _s3—1 _s4—1
Giyt,lgl, = TN '\07 =1 9 9

s et opt™ ap 2 "apd” ap,

P1=Py=pP3=pys=1

1 g1t 1 g2t 1 st 1 gt
A, — s;—1 = sp—1 = s3—1 il s4—1
4 ll! 171p1 IZ! zflpz |3! 371p3 |4! 471p4
=1 p,=1 =1 =

ap; ap; Ips o, ap, -
1 1
:A4<m(31—1)(51—2)‘ : ‘[51_(|1_1)]> (g(sz_l)(sz—z)' : '[52—(|2—1)]>
1 1
X E(S:;_ 1)(53—2). . -[53—(|3—1)]) (m(s4—1)(34—2). . .[34—(|4_1)]) . (104)

Similarly we have the following:

As(l1,l2,13)
glllzlgozm(sl_ D(s1=2)---[s1=(li=DI(s2=1)(52=2) - - - [$2= (12— D) ](83=1)(53—2) - - - [s53— (I3~ 1) ],
(109
Ax(l1,12)
91,1,00= W(sl—l)(sl—Z% lsi=(li=DI(sp=1)(s2=2) - - [s,— (12— D), (106
1

gllooozm(%_l)(sl_z)‘"[51_(|1_1)]- (107

We can continue the above argument to the case of an arbitraindefinitely. We would like to summarize the final result
for an arbitraryM as follows: Let us denote @M(p)=pil_lp32_l' . piﬂM_l[AMng(p)BM], whereA,, andB,, are defined

by
M M

M
li(1-gi)  —lig; .
Sq+--S* .S ...SF .S+
i<j<k=1 —Ijgij Ij(l_gjj) 1 : ! K M
11(1—911) —11921 —119m1
M
+(_1)M_12 _|?912 |2(1i922) _|2.9M2 (1083
1:1 . . . .
—Iw91m —Iwdom -+ Im(1—=Qgum) li
1(1-g1)—s1 —11921 —11Om-11
_ —120912 l2(1=g)—S, -~ —120m-12 N
—Iv-191m-1 —Im-192m-1 - Im-1(1=Om-1m-1)—Sm-1
[2(1-020)—S; —1,93, —120m 2
—13023 l3(1—g3g) =Sz - —130m 3
+ . ] . , (108b

—Iw92m —Iwdam <o+ Iw(1=9gm,m) —Sm
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M
L(1-g)  —ljgg
j ji i9j
By=Si-:-Sy— l.{(1—q::)Sq- - - .Sy, + S--.-SF...g¥...g
MM 121 (1= 8j)s, M ng “lgik  (l-gw| " 7 K M
11(1—-911) =119, - —l19m1
—12g l2(1=0g2) -+ —120
S G L e e (1093
—lm91m —Iwgom -+ Im(1=0um)
l1(1=911)—s1 —11921 —l19m1
—1501> l2(1=g)—s, - al PYC VP
= . . . . =0, (109
—ImY1m —ImY2m < Im(1=gum) —Sm
respectivelys}c means the elimination o; and| |jj means the determinant with the elimination of ftle row and thejth

column. The proof of Eq(109b that B, always vanishes is straightforward using properties of determinants. Hence, we
obtain

Mo
9,1, =Amll (S D(8a=2) - [sa= (=D, (110

wheres;’s are defined by Eq61). And the lower coefficients are given by

1
91,0--0=; 7S D(s1=2) - [s = (= D], (1119
2
1

Oiy0-0= Aol I 5 (Sa=1)(8a=2)- [0~ (1= 1)), (111h

1
91,1y 0= Au2lln o) I 5 (sa= D(sa=2) [sa= (= D), (111m-2

=1 1!

1
91,1y 0= Av-a(ns ) I 5= D(sa=2) - [sa= (1= 1)), (111m-1

= !

|

respectively, and so forth. VIl. CLUSTER COEFFICIENTS FOR
We would like to note the following: The above result of PHYSICAL SYSTEMS

M=1 is exactly equivalent to the result first obtained by
Sutherlan8'® a long time ago. The results for the cases of.
M=2 and 3 are exactly equivalent to the results recentl

In this section, we are going to discuss the thermodynam-
ics of several physical systems of multispecies gases with
YFES as well as pure FES in the language of the cluster

;)/Ibatzlhnkee?/icr?qyandlsl’gzs\o/\,/ an'\c/ilal\jlgléi\lg\r/‘ia% I—?c?v(\j/eve?ufg’ expansions. We will show that the results presented in the
' : ' receding section provide the exact cluster coefficients for

results with the present method, represented in terms of t e cluster expansions in each physical system.
language of determinants, are all new and exact without any
approximation up to an arbitrafy. And our results justify
the EXpr_esszionS of MaShk(?V?éh a”?' of lsakov and_ A. Thermodynamics of anyons in the lowest
!\/Iashkewcl_*?, where they _obtalned t_he|r res_ults from explic- Landau level (LLL )

itly expanding Wu’s functional relations using computer al-

gebra such asATHEMATICA, and conjectured the analytic As a simplest case, let us first consider the thermodynam-
expressions of the coefficients for the higher terms by guesdcs of anyons in the lowest Landau lev&lLL ) of energye

ing from the lower terms of the coefficients. In this way, the =#iw/2 with w=qgB/mc denoted byi =0.1**?In this case,
method that we have presented above is powerful enough there exists only one species of anyons with statisgics
evaluate nontrivial coefficients of the generalized Lagrangd herefore, gf; —gﬁuﬁabé,o and G?=Go=N,=qBV/#c.
series expansions. This is the main advantage of this methodhis gives the following equation of state:
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PV=kgTGq In(1+ 1), (1123 whereu, +u_=0 is usually assumed such thatz_=1.
And the pressur®, the total numbeN, and the difference
1 M between the numbers of the species of the system are
N Gono GO O+g, (112@ given by

wherewd(1+wg)1 9=ef(c#) This was first obtained by PV
Dasniges de Veigy and Ouv{ and Wu'? Using the Suth- I<B_T:G+(|n {y+In ), (1193
erland transformation,o=1+1M,, we find ¢§—¢3°*

=efk=9) and PV=kgTGy In {;. When we defing=e?*, N
we find N/V=2z(d/9z)(P/KT). Following the argument of V=G+(n++n,), (119
Sutherlan8'® and that in the preceding section of tié
=1 case, the cluster expansions are given by M
o0 V:G+(n+_n_), (119@
==Go In {=Go 2, ci(g)Ze”'P, (1133
kgT =1
. n.=G.z.—In¢., (1190
N_% lg!pe (113b -
V V£ c|(g)ze ' respectively. Generalizing the method of Sutherl&ftilet
where we have used the Sutherland coefficiftand Eq. define the expansions
(69): %
1 n¢= X' o 1 allalz
1, 1550
ci(9)=7(1-19)(2-1g) - [(1-1)~Ig] v
g gD (114

where’ means that;=1,=0 is excluded from the summa-

This result coincides with that first obtained by Dasegede  jgn a”dcﬁlz({guv}) stand for functions of all MFES param-

Ve|gy and Ouvry‘E eters {ngJr 0:-.,0 .+ ,g,,}, and we have denoted

ci.,({9,.4) by ciyy, for the sake of simplicity if there is no

confusmn P and the densitien . are represented by
Let us next consider the system of two species of excita-

B. Thermodynamics of Laughlin’s incompressible Irh fluid

tions, quasiholeglabeled by—) and quasielectrondabeled PV
by +) in Laughlin’'s incompressible @i fluid (m being + 2 ClL.=Cl +¢C |,
. - X KaT Ciyty ala Iyl l1lp 7 ¥ty
odd. The existence of the two excitations dictates the non- B
trivial MFES. (121a
Following the argument of Wu and collaboratBrsaind w
0-22 H
others? MFES parameters are given by n,= 2» ot 0 a|1alf, (121
1 1 1 11270
g++:2_a- 9--= 9+7:_97+:E_2- i
(115 n_= ' le alad?. (1219

The single excitation degeneracy in the thermodynamic limit
is G, =G_=(1/m)N,. Hence, the densities. =N. /V are  Thus, once the coefficient§l|2 are obtained, so is the equa-

given by tion of state of the system. Let us find the coefficiarﬁlqsz.
W ot 0 o= G- From Eq.(118 we find
N,=G, , (119
(Wi+gy ) (W_+g-_)—0g+-g-+ §+:1+a+§1*9++éﬁ97+ (1223
+ - L)

wherew, (o= =*) satisfy the functional equations

w_, (=1+a 9%, (122b

9 1-
w77 (1+w,)" doo
o (L+w,) Trw_,

g*o,u’
) :eB(fg—_ﬂo—)_
Thus, we can use the resiitee Eq.(78)] for the case of

(117 M=2 in the preceding section. Let us define

Let us define the Sutherland transformatiofis=1+ 1Av,,

for o= . Substituting these into Eq117), we get s1=l1(1=g4)—l0: -, s2= —|197++|2(1—97(7l)2-3)

g(r,o’_ 90,071 g—o’,o'_ ﬁ( o 0—): . + —
(§7=8,77 D=t r=a,, (118 Thenwe obtairci; andc;,=c/ +¢i, as
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+ : 1
o= —119-+ 11 17 (sa=1)(8a=2)- - [sa= (I~ D)1, (1249
a=1 13-
2
_ 1
o= 120+ - 1] 17 (sa=1)(8a=2)- - [sa= (I~ D)1, (124b
a=11a5°
21
Ciy,= Gy, 0, =~ (g #1289 O I (8= 1)(sa=2) - [sa= (12~ D], (1249
=1 1!
|
respectively. And the lower coefficients are given by the QSM formulation in the momentum representation

(1253 allows us to evaluate the equation of state for an ideal
gas with pure FES in arbitrary dimensions and obtain all
Col,=01,(S2), (125h  the exact cluster coefficients in the cluster expansions as

- = 8,19
where g,(s) are the Sutherland coefficients of Ed.118. wgll as the virial coefficientS™*> We now .ShOV.V thf’it
The first few terms of this result were obtained by Mash-thiS 'S also true  for thg system of a multispecies ideal
kevich[see Eqs(13)—(16) in Ref. 21] and Isakov and Mash- 9as with MFES. For this case, let us assume 3t
kevich [see EQs.(2.13—(2.20 in Ref. 22, where higher =0apd;j, Which defines{f={,(p). Then, we have Egs.
terms were guessed. Here we note that when =g_ , (21) and (22), which are represented by using a good
=0, the ¢, is separated asc;;,=c (9++)d,0 quantum numbep. If two species ofa==* such as spin
+¢,(9--) 41,0, Wherec,(g) are the Sutherland coefficients and charge excitations are taken into account, then we
of Eq. (114), since Eq(118) is decoupled into the two equa- can use the above result of E¢l24). Assume the par-

C|lO: g|l(sl)1

tions, {377 — gg”v“_lz a, foro==*. ticle energy e.(p)=p?%2m. and take e=p?2m, such
thate_(p) = re with 7=m, /m_. Then, the density of states
C. Ideal multispecies quasiparticle gases with MFES is given by Np(e)= (m+/2ﬂ.ﬁ2) D/2[ 1/F(D/2)]5(D_2)/2. 19

As was discussed recently by Nayak and Wilczélsa- Using a.(p)=exp{Blu.—e-(p)]} together with the
kov, Arovas, Myrheim, and Polychronak85and Iguchi'®  expansions of Id,(p) [Eq. (121)], we find

©

gﬂ%.é_k (I1+1o)by 2222, (126

%Z%D.é_'o (I1=1o)by 2122, (1260

by, (Ilf';l';[,,f - 'ﬁﬁ;;ﬂm i é(sa—lxsa—zy [ (la=1)], (1273
|102m %(31_1)(31_2)'"[51_“1_1)], (1279

bol, - - (52— 1)(52=2)- - -[s2= (12— 1)], (1279

(4 dy)P2 1,1

wheres,’s are defined by Eq.123 and\ is the thermal length defined by= JV27#?Im_kT. These functions are regarded
as generalized two-variable polylogarittfthand turn out to be generalized zeta functions such as Eisensteir$#rigs
=0 such thatz, =z_=1.

This argument can be straightforwardly extended to the systeri-gifecies quasiparticles more than two species such
that the energies are given ley(p) =p?/2m,. Following the above argument, let us denotecasp?/2m; such thate,(p)
= 1p€e With 7,=m,/m,. Suppose that the expansions are given by
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©

In a(p)= >

L1 1+ l+ iy =L

where the coefficientsf"l,z_”IM are represented by

11(1-910— 581 —11921
— 15012 [2(1-020)—S;
Ca = . .
Ll Iy :
—Iw91m —Im%2m

Here| |., means that thath row and theath column are
eliminated in the determinant and thgs are defined by

$1=11(1—910) 120912 - —IwQ1im.,
So=—11021+12(1—020) — - - - —ImQ2m
Sw=—l1Om1—120m2— - +Im(1—Qgum). (130

Hence, we find the generalized cluster expansions as

©

P_1 b Jite.
keT AP i, Ty =tL Ll Iv©1 2 M
(1313
E:ii Lb 2172, M
\ 7\DL=1|1+|2+...+|M=L Iily--Iy©1 42 v
(131b
M _a
a=1C11,. I
Bty 1y = T (1319

M (Tl|1+7'2|2+"‘+TMIM)D/2.

This corresponds to the results of Mashket¥icand of Isa-
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I1 Iz Im

a
C|1|2,_,|Mal a2 .. 'aM y

(128

—119m1

—159m2 M

1
b[[l (& D2 (s~ (lo=1)].

Im(1—9mm) —Sm

aa

(129

species quasiparticles with MFES in arbitrary dimensions,
using the generalization of the classical Lagrange theorem.
This is thought of as a generalization of the method of Suth-
erland for the pure FES case in the CSM in one dimerision
to the case of multispecies with MFES in arbitrary dimen-
sions. The generalized Lagrange theorem and the Lagrange
series expansions are of great importance in their own right,
since they are very powerful when we applied them to the
physical systems described before. By the aid of the theorem
we have been able to obtain the exact cluster coefficients in
the cluster expansions in all order without any approxima-
tion. This demonstrates the advantage of the present method.
It will prove very interesting to further investigate the con-
vergence of the generalized cluster expansions as well as to
study the other systems of multispecies quasiparticles with
MFES using this promising method.
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