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The generic trace map is established for binary quasiperiodic lattices represented by any irration-
al number. This is a generalization of the renormalization-group method of Kohmoto, Kadanoff,
and Tang (KKT) for the Fibonacci lattice. All the trace maps for any quasiperiodic lattice preserve
the same invariant surface first discovered by KKT. Thereis a spécia] set of points on the invariant
surface, which we call the invariant six-cycle. These are fixed points of the trace maps. We are able
to cbtain representations of the trace maps or scaling transformations on the invariant six-cycle.
This enables us to determine the periods of the trace maps, which are very important in order to
know the scaling property of the electronic wave function and energy spectrum at the band center.

I. INTRODUCTION

In physics, the existence of the trace map and its in-
variant surface was first found by Kohmoto, Kadanoff,
and Tang (KKT) for the Fibonacci lattice.! The impor-
tant role of the invariant surface in understanding the
Cantor-set-type band spectrum of the Schrédinger equa-
tion of a Fibonacci lattice has been described by Kohmo-
to and Oono,? Kohmoto and Banavar,’ and Kohmoto,
Sutherland, and Tang.* There is a triple of traces (x,y,2);
x =1Tr(B), y =1Tr( 4), and z =1Tr( AB), that preserve
the invariant surfe.ce

I=x*+y2+22—2xyz —1. (1

This invariant-su-face structure was first presented by
Kohmoto and Oosno.? (See Fig. 1.) There have been
many applications of the KKT technique for the Fi-
bonacci lattice to other physical systems.’>™® Recently,
generalizations of the trace map to other quasiperiodic
lattices were mad: by Gumps and Ali® and Holzer.!® To
date, most types of quasiperiodic lattices are not well un-
derstood.

Historically speaking, and amazingly, the existences of
the trace map and its invariant surface were already
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FIG. 1 The invariant surface for I=2.
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known by Fricke and Klein who were mathematicians in
the previous century. At that time there were no physi-
cal applications for them!' because it preceeded the
discovery of quantum mechanics. More recently, Cohn
used them to solve the: Markoff spectrum problem. !>~ 12
This was the first systematical application of the work of
Fricke and Klein. Rosenberger also studied some
mathematical properties of the trace map and the invari-
ant surface.'"?2 However, relationships between the
trace map, the invariant surface, and quasiperiodic lat-
tices have not been understood until recently. We have
discovered these relationships,>** which will be dis-
cussed in this paper.

In the preceding paper®* we discussed a group of scal-
ing transformations S (called the scaling group) used to
construct quasiperiodic lattices. The group of scaling
transformations § is the following: #(A4,B)=(4, AB),
right multiplication; .L( 4,B)=(AB,B), left multiplica-
tion; and X(A4,B)=(B, A), exchange. Since the scaling

- transformations § are constructed from the generators of

a substitution group F ,,** the scaling transformations S
induce trace maps according to the scaling transforma-
tions, preserving the invariant surface defined by (1).
This will be discussed in the first part of this paper. The
invariant surface has special points which we call the in-
variant six-cycle of the trace map. These fixed points of
the trace maps, which were first found by Kohmoto and
Oono, play an important role in determining the scaling
exponent of the electron energy spectrum and wave func-
tion at the band center.?*

II. THE GENERIC TRACE MAP
AND INVARIANT SURFACE

In the preceding paper,* we have discussed a group of
scaling transformations in terms of the generators of a
substitution group, which is a subgroup of a free group
made by two matrices A4 and B belonging to
G=SL(2,C). We shall call ( 4,B) the seed for a quasi-
periodic lattice. , .

As we have seen, the scaling transformations, or the
inflation-deflation transformations, of quasiperiodic lat-
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tices are of the form
XRMA,B)=(A"B,A), XL"B,A)=(A,BA"), (2)

where we have used elementary transformations of S, 72,
L,and X. Wedefine XL"=U ,,XR"=V,. '

We also define a commutator matrix K=B~'4~'BA
such that

A=TK)=Te(B~'A7'BA)=Tr(BAB 1471). (3)

We further assume that there exists a matrix U such that
A7 '=UAU ' for all 4 in G. Then Tr(4)=Tr(d4d "),
and thus A=Tr(ABA~'B~"). We sce that A is invari-
ant under X and & (or.L): .

XA=Tr(A7'B7'4B)=A ,

RA=Tr(B"'A" 14 14BA)=A,
and '

LA=Tr(B™'B"147'BAB)=A .

Thus, X and .L (or &) generate the group S which acts on
G X@, and includes the inflation-deflation transforma-
tions U ,and ¥ ,. A is invariant under S, which is relat-
ed to Eq. (1) through [=(A—2)/4.

A very important property of the scaling group S is

e ]

that S commutes with the inner automorphisms of G,
since, if g is any element of G and ¢ is an element of S,
then

tlg(4,Bg " 1=g[t(4,B)g"" . @

This implies that S induces a symmetry group S’ called
the trace map on the invariants ( 4, B) under inner auto-
morphisms.

Now we define the triple

(x,9,2)=(LTr(B),1Tr( 4),1Tr( AB)) .

Then the inner automorphisms induce the following
transformations:

I(x,p,2)=(x,,2) ,
X(x,y,2)=(y,x,2) ,

(5)
L(x,y,2)=(z,p,2pz —x) ,

R(x,p,2)=(x,z,2xz —y) .

Here we have used the Fricke identity to prove Eq. (5). It

is easy to see that these transformations preserve the in-
variant surface (1).

Now the inflation-deflation transformations of Eq. (2)
induce the following trace maps:

U, (x,9,2)=XL"x,p,2)=(y,C, - ,(y)z —C, _,(¥)x,C,(y)2 —C, _(y)x) ,

(6)

Y (x0,2) =XRM%,9,2) =(C,y _ ((x)z —Cp _y(x)p,%,Ci(x)2 —Cy _ (x)y) ,

where we have used the Chebyshev polynomialsvof the
second kind C,(x), which are defined by C_,(x)=0,
Colx)=1, and

C,(x)=2xC, _{x)—C, _,{x) .

It is not difficult to directly prove that Eq. (6) preserves
the invariant surface (1) if we notice that the Chebyshev
polynomials of the second kind enjoy the following prop-
erties:

Cr%*Cn‘ICn-i-l:l ’
C2+C2_,—2xC,C,_,=1.

From the scaling transformations of the quasiperiodic
lattice from the seed of (x,y,z), we induce the scaling
transformations on the triple (x,y,z):

(xz,y,2.)=U, U

il Sl T |

.. .Qno(x,y,Z) s

(7
(xR!yR)ZR):V V ’

Bl Saalk B

Vo, (X:352) .

These are dynamical maps of traces on the invariant sur-
face (1), according to the kth-order approximation of the
irrational numbers A, having the tail [ng,n,...,0 ]
We now place some previously studied quasiperiodic
systems in the context of this theory. When we take

ng=mn,= "+ =, =1, this corresponds to a Fibonacci

lattice. Equation (7) yields the same result as the KKT

renormalization-group method. If we  take

ng=n,= - < =n; =2, it gives the scaling transformation

for a silver-mean lattice, if no=n; ="+ =ng=3, it gives

the scaling transformation for a bronze-mean lattice. If
no=h,=""=ny, =1,

Ry=Hy= 0 =y, =2,
Eq. (7) gives the scaling transformation for a gold-silver
alloy-mean lattice. Once we take a tail of any irrational
number, we are able to determine the scaling transforma-
tion. This theory is the generalization of the trace map of
the Fibonacci lattice to any quasiperiodic lattice.

III. THE INVARIANT SIX-CYCLE
OF THE TRACE MAP

We are concerned with a particular aspect of the in-
variant surface which is defined by Eq. (1). This particu-
lar and important set of points on the invariant surface
was first found by Kohmoto and Oono? while investigat-
ing the trace map of the Fibonacci lattice. This set is
called the invariant six-cycle. (See Fig. 2.)
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FIG. 2. The invariant six-cycle. This forms the symmetry of
a tetrahedron. ) '

We look at the set of trlples which is defined by the fol-

lowing:
(a,0,0)=14,, (—a,0,0)==1,,
(0,a,0)=1,, (0,—a,0)=—1,, -

(0,0,a)=1/}3, (0,0, _a)=:_¢'3 »

where a is related to the invariant A by a =V A+2/2.
Under the actions of trace maps, we can determine the

representations of’ the generators X, .L (or &) on the in-

variant six-cycle. First, we see the action of the exchange

Xis
X=1,, Xl’z“‘lﬁl: Xiy= ¢3, (8)

and so the matrix representation of X is

010
1 0 0|=D(X),
0 ¢ 1

D(X)= detD(X)=—1. (9

Likewise, for the left multiplication .£, the action is
L=y, L=t L=, (10
and hence the matrix representation of L is

0 01
DL)y=|0 1 0],
—1 00

D(LY=D(L)!, ‘ (11
detD(L)=1 . o

Similarly, for the right multiplication 7, the action is

RYy1=v, Rpr=—v5 Ry:=1,, - 12)
and the representiation of 7R is
1 0 O
DR)=10 0 1],
0 —-10
D(R)=D(F)"", (13)
detD(R)=1.
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FIG. 3. The full group symmetry of an octahedron. This
group is generated by X, the reflection about the x =y plane and
by R (L) the rotation about the x axls (y axis) by 7/2. The or-
der of the group is 48.

It is easy to see that this group has all the group sym-
metries of the octahedron, including both reflections and
rotations. The order of this group is 48. X is a reflection
about the x =y plane, and 72 (L) is a rotation about the
x axis (y axis) by w/2. This group structure is shown in
Fig. 3. As a result of this symmetry, the trace map of the

invariant six-cycle hops about from one group element to

another, with dynamics determined by the continued
fraction expansion of A-—the ratio of 4’s to B’s in the se-

_quence. Finglly, we note that

D(X)*"D(L)*=D(R)*=1. (14)

IV. REPRESENTATIONS OF THE TRACE MAPS
ON THE INVARIANT SIX-CYCLE
AND THEIR PERIODS

The representation of the generators X, .L, and R plays
a crucially important role in finding the periods of the
trace map on the invariant set, namely the invariant six-
cycle. If we start with one of these points on the invari-
ant surface, under the scaling transformations, it never
escapes from points of the set of the invariant six-cycle.
In other words, these points are invariants or fixed points
of the trace map. Physically, this set corresponds to the
center of each band determined by the Schrédinger equa-
tion for an electron on a quasiperiodic lattice.2™* This
physical point is planned to be discussed elsewhere.?’

We discuss how to determine the periods of the trace
map in terms of the representation. Now we think of
scahng transformations in the form of U ,=XL" or
YV ,=XR". From Eq. (14), the integer # can be measured
by modulo 4. Therefore, we concentrate only on the fol-
lowing four cases: for the left multiplication,
U,UpUsU,=X=U,, and the same for right multi-
plication, replacing .£ with 7.

Since we know that the actions of .L and R are

Lipy=—;, L=, LP:=1;,

: (15)
Ripy=1v1, Rip=—1, Ri3=1,,



5922

and hence the representations of .L and & are

0 01
DULY=]0 10},
—100 v
. (16)
1 0 0
D(R)=10 0 1
0 —10

Similarly, we have representations of .L%, %2, .£3, and R>
as

—-10 0
DLYHY=]0 1 0 |,
0 0 —1
1 0o o
DR»=10 —1 0 |,
0 0 —1 :
17
00 —1
DLHY=101 o0 |,
10 0
10 0
D(R)»)=10 0 —1
01 0

From these we can determine the representations of
Q I’Q 2’_(_1_ 3’Q 4=£Y_v =..U. [+1] (i'e'7 _X.L)/XL2:LL37—.X.L4=.X)
on the invariant six-cycle. First, we see that the action of
XL is

XLy =y, XLP=—13, XLP3=1), . (18)
with the resultant representation of X.L as
10 .0 1
DU )=DXL)=Dp(LDX)=-|1 0. 0. (19
0 -1 0

Second, we see the action of X.£2 is

XL =1y, XL, =—1, XL=—y;,  (20)

with the resultant representation of X.£2 as

0 —1 0
D(U)=DXL)=D(LDX)=|1 0 0 |. 1)
0 0 -1 '

Third, we see the action of X.L3 is
XL, =1, XL =13 XL 1/’3—‘_'/’1 3 22)

with the resultant representation of X.L3 as

0 0 —1
D(U,)=DXL)=DLIDX)=[1 0 0 |. @23
0O —1 0
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Finally, we see that D(U ,)=D(U ;,)=D(X).
From above results, it is easy to see the following prop-
erties of the representation:

[D(X.L)°=[D(X L]
=[D(X.L%)]¢ )
=[D(XLY]*=1. 4

The first expression [D(X.L)]® corresponds to the Fi-
bonacci lattice which has a period of six; the second, to
the silver-mean lattice having a period of four; the third,
to the bronze-mean lattice having a period of six; the last,
to the aluminum-mean lattice (i.e., all n, =4) having a
period of two. We can clearly see the advantage of the
representation of scaling transformations on the invariant
six-cycle in order to determine the period of the scaling
transformations at the band centers.

In general, if we have a strmg of X and .L according to
the continued fraction expansion of A such that

(‘xL’yL’ZL )E klim»gnkg e Qno(x,y,l) s (25)

Pg—1
then the trace map induces the répresentation of the
string on the invariant six-cycle:

i . 71
vy |=lim DU, DU, ) DWU,) |y, |- (26)
s ys

If the representation of the string of generators becomes
the identity 1, in other words

[D(U n 2(U ,,k_]) - D(U ,10)]"=l ) 2n
then p is the period of the scaling transformations on the
invariant six-cycle.

In conclusion, we have established the trace map for
any quasiperiodic lattice. This trace map was induced
from the scaling transformation of the transfer matrices
for the quasiperiodic lattice. All the trace maps preserve
the same invariant surface as that found by KKT, on
which there is an invariant set of points called the invari-
ant six-cycle. We have shown that the trace maps have
three-dimensional representations on the invariant six-
cycle. This allows us to determine periods of the trace
maps on the invariant six-cycle. These periods are relat-
ed to the scaling property of both the electronic energy
spectrum and wave function at the center of band, as
shown by Kohmoto and Oono,? and Kohmoto, Suther-
land, and Tang.* This point is planned to be discussed
elsewhere.? Very similar work has recently been pub-
lished by Kalugin, Kitaev, and Levitov.?
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