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Quantum Statistical Mechanics of an Ideal Gas with Fractional Exclusion Statistics
in Arbitrary Dimensions
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The quantum statistical mechanics of an ideal gas with fractional exclusion (i.e., Haldane-Wu)
statistics in arbitrary dimensions is discussed. The general formulation for pressure and density of
the system is obtained in a closed form in terms of Ehdimensional momentum representation, which
can be regarded as a natural generalization of the classic results for Fermi and Bose gases. Using
this, it is shown that ideal gases with fractional exclusion statistics can be regarded as composites of
fermions and bosons, and that no condensation occurs at low temperature except for the pure boson case.
[S0031-9007(97)03012-3]

PACS numbers: 05.30.—-d

The concept of fractional exclusion statistics (FES) has Oy = Z W({N,Y)e PEAND, @3]
been of much interest in recent years [1-16]. Many {Na}
investigations of FES have been done on low-dimensional
systems such as the fractional quantum Hall system [17] W(N,Y) = l—[ [Da + No — 11! _ spi 3)
and the Calogero-Sutherland model (CSM) [18,19], and ¢ . NJ[D, — 1]! ’
the concept of FES played a very important role in E(N,)) = ZS N (4)
these systems. However, in higher-dimensional systems, ¢ — e

much work has_not yet been made, except th_e work Substituting Egs. (2)—(4) into Eq. (1), Wu first con-
of Nayak and Wilczek [9]. The general formulation of gijered the most probable distribution @, taking

quantum statistical mechanics (QSM) [20] that enable§he extremum condition%[ln WANY + 3., Blea —

one to calculate thermal properties such as the equa- _ . . Fama
tion of state for an ideal gas with FES is still lack- Ha)Nq] = 0, which yields the famous Wu distribution

ing, although the concept of FES was given for arbitraryfunCtIOn Wa

ghm_ensmnal systems. In thls Letter, I.present' a general— we = 1/n, — Zg;,b”h/na’ ®)
ization of the method to an ideal gas with FES in arbitrary )
dimensions. wh 8ab Bleu— )
Haldane [1] first presented a generalized version of 1+ Wa)l_[<1 +—> =emme m, (6)
b Wp

the Pauli principle using state counting methods. He de-
fined the statistical interactiong,, through the differ- wheren, = N,/G, andg., = .,G,/G,. For aniden-
ential relationAD, = — >, g.,AN,,, where D, is the tical FES-particle system, taking, , = g&., and u, =

dimension of the Hilbert spacH, of states of a single u, Egs. (5) and (6) turn out to be

particle of species: confined to a finite region of mat- |
ter, andN, is the number of particles of species D, ng = ,
can change as particles are added, while keeping the Wa T8

boundary Cond|t|0ns and SiZe Of the Condensed'matter r%ubsntut'ng Eqs (5) and (6) |nt0 the thermodynam|c

gion constant. By integration it is given @, = G, —  potential ) and the total numbeN, respectively, one
> (gap — 8ap)Np, WhereG, is interpreted as the num- gptains

ber of available single particle states of specieghen no

wi(l + w78 = ePleamr) - (7)

particle is presented in the system. QO =—PV = —kT Z G, In(l + Wa ) (8)
Wu [6] used the above dimension of the Hilbert space a Wq

in order to consider the grand partition functighof an 1

ideal gas with FES, defined as N = gG” Wt g ©)

(1) which is valid for all cases with different species.
Now let us convert the summation over states in Eq. (2)
into that over momentum. To do this | convert the
where z is the fugacity defined by = exp(Bu) with  summation over states ifly into that over momentum as
B = 1/kT and u being the chemical potential, and
the total number of particles defined N = 3, waN,. Ov =D  gnppe PEMmD, (10)
And the canonical partition functio@y is defined as {np},N=Zp np

0=> Moy,
N=0
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whereg({n,}) is the number of states correspondingrig} The first theorem is well known and a classic result in
[20]. Substitution of Eq. (10) into Eq. (1) yields QSM [20]. However, to show that it indeed holds valid
= _ for ideal FES gases is not so trivial since there is the
— N ,—BE({ny}) L AP :
Q= ZO Z glnphz"e : (1) nontrivial Wu distribution. The second theorem interpo-
N=0tmphN=3" mp lates between classic results of fermion and boson cases

When one considers thg@ for Fermi and Bose gases, [20]. This type of relation was first noted by Rajagopal
it is easy to perform sincg({np}) = 1. In these cases, [11]. The proof of these theorems is straightforward us-
the grand partition functions can be factorized@s=  ing Eqg. (13). So, | omit them here.

[, Op, whereQ, =1 + ze Per[= (1 — ze A&) 1] for Let us calculate Egs. (14) and (15). Slnce the summa-
fermion (boson) [20]. However, even if we impose thetion is converted to integration s, = 27,h [dPp =
same relanrg({np}) = 1 for an ideal gas with FES, the Wvﬂ >Sp [ pP~'dp, whereSp = 27TD/2/F(D/2) if one
procedure is not that simple since one must have anOthé\ssumes free FES particlesgs— p>/2m, then the den-

constraint coming from the constraint fér,. Thus, the D2 %
problem becomes much harder. But, if possible, what |S'el/ of states (DOS) Is given b¥p(s) = (z77)

0, for an ideal gas with FES? To answer this, instead off(0/2 88( 2 andy ¥, = [deNp(e). Equations (14)

using the above procedure, | follow Wu's argument [6]. &nd (15) are represented with respect to energg

To convert the summation over states in Egs. (8) and P * 1 + W(e)
(9) into that over momentum, suppose the factorized form T [ deNp(e) In( W(e) ) (17)
of the grand partition function at the most probable dis- Y
tribution. From this, | can define the average occupation N _ ] deND(a); (18)
number(n,) as W(e) + g

= — I = I 12 By changing variables, they are transformed again to the
(p) d(Bep) ng 8(,3 &p) NG (12) following:
Defining as(n,) = 1/(W, + g) at the most probable dis- B W+ g 1+ W
tribution and substituting this into Eq. (12), | canintegrate ;7 — J dWND[S(W)]W(l + W) n W ’
it with respect toBe,. For an identical FES-particle case, ’ (19)
using the relation
WL+ wy)!ms = ePlor, (13) N o_ fxdWN e (20)

| end up withQ, = (1 + W,)/W,, where we have used % Wo pLe Wl + w)’

simple relations:B(e, — u) =gInW, + (1 — g)In(1 +
Wy) and d(Bep) = i dWp. Hence | obtain the where W (1 + Wo)' "¢ = z~!. The last type of expres-
thermodynamic potentlaﬂl and the total numbel inthe  Sions was first obtained by Murthy and Shanker for the

momentum representation: CSM [10]. _
| Now | find the following remarkable fact:
Q=—-PV=—kTY In(
p

WP>, (14) Theorem 3:In a D-dimensional identical FES-particle
gas, we haved = 0505 . ThereforeP = gPr + (1 —
1 g)PB, andN:NF +N3With,l.L:g/.,LF +(1 _g)/.LB.

N = Z W, + g (15) To prove this theorem | follow the argument of Murthy

& and Shanker [10]. Define chemical potentialas u =

This result holds valid for more general cases with mutuagur + (1 — g)up such that, = e ##r and1 + W,

statisticsgp  as well, Where one has e Brs Define W(s) = ePE7#r) and 1 + W(e)
2ba ePe=ms) sych that the relatio (e)¢[1 + W(g)]' "8
1+ W )l_[< 1+ W > =P (18)  pBem s automaEicaIIy satisfied. Next, | findz =
1+W(s) % 1+ W(e
This was first conjectured by Bernard and Wu asaposablé deNp(e) IN(yey) _ng{f) deNp(e) In( W("‘) )+
generalization of the CSM [7]. — 8 Jo deNp(e) In(—57) = ¢ [o deNp(e) X
| now note the following theorems: In(l + 1/W(e)) — (1 — g) [y deNp(e)In(1 — [1 +

Theorem 1:Denote the pressure by/kT = (1/V) x  W(e)]™"). Substitutingl + W™! =1 + ¢ #l7#) and
>, In((1 + Wp)/Wp) = F(z). ThenN/V =(1/V)x 1= (1 +W)'=1-¢ e into the above pro-
S, (np) = 2 F(2) vides the theorem. HenceP = gPr + (1 — g)Ps,

. .

Theorem 2:The saecond order fluctuatioffAn,)?) = V;:hlclh hOIdﬁ true fﬁr any d|men5|ogn Usm? pfrc:lpertlzs of

<”12)> _ (np>2 = — 3555 (np) is given by <(Anp)2> _ the logarithm to t |sQ1 QFQB IS ea5|y ollowed.

1 9 - 9
(npy (1 — glnp))[1 + (1 — g)(np)] for an identical SINC€ 7z = g %;;)F T 7 | find G2 = GLlePr +
FES-particle gas. (1 — g)Pg] = aui + ﬁ HenceN = NF + Njp.
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This theorem was also first mentioned by Murthy z, singularities occur as branch cuts in thelane. To
and Shanker within the CSM in one dimension [se€find such branch cuts, consider Eq. (13) by taking 0,

Eq. (25) in Ref. [10]]. However, they had to use the basiowhich gives Wi (1 + Wy)!=¢ = z 71,

Differentiating it

properties of the CSM to reach the expressions and taith respect tar yields —1 = s~ 2. So, a non-
prove the theorem. On the other hand, | do not use anytivial singularity occurs aW, = —g, which corresponds

model dependent properties in the above proof, apart frorp a singularity in density since the denominator of Eq. (18)

the free identical FES-particle gas assumption. Hence,
is very general. For example, I» = 2 in our problem,

'ktanishes.' At this point, branch cuts inare given from
z0- = e~78 [{g8(1 — g)'"4} to infinity, which are ex-

then using the constant DOS, Egs. (19) and (20) becomectly equivalent to what Sutherland found (see Fig. 1 on

exactly the equivalent expressions of Murthy and Shankepage 253 of his paper dated 1971 in Ref. [19]).

From

[see Eg. (27) in Ref. [10]]. Thus, I conclude that in this this | findZBo = 1/(1 —g)=landzry = —1/g = -1
sense the CSM falls into the same universality class of OWincez, = ZF oZBo and0 = ¢ = 1. Thus, the singular-

theorem as a special case.

Let us consider the fugacity expansions of the pres-’
sures. From the general formula Eq. (17) and the abov%

theorem, one can get the following expression® pfand
Pg:

Pr _ f deNp(e)In(l + zpe #%), (21)
kT 0
Pe _ (7 _ L Be

= deNp(e)In(l — zge F?). (22)
kT 0

|tyof Pp Iles at——In(l zp) = ——In[ g/(1 —g)]=
Vm - In[g/(l — g)]. Therefore, there is no singu-
rity on the positive reat axis excepg = 0 in the ther-
modynamic limit of V¥ — «. Hence, | have the following
theorem:

Theorem 5There is no condensation of identical FES-
particle gases df < g = 1, exceptg = 0.

For example, consider an identical semion gas of
g =1/2. SolvingW&/z(l + W)'/2 = 1/z for Wy, | get
Wy + % = J1/z2 + 1/4. If Wy = —1/2, then there are

As is well known [20], the above equations can be exiwo branch cuts extending fromy = *2i to infinity.

panded with respect to fugacities and zg, respectively,
as the following:
Theorem 4:

P 1 p !
ﬁ = /\_DfD/2+1(ZF) and E _ )\_DgD/2+1(ZB)9

(23)

where A is the thermal length defined by =
J27h?/mkT, and thef andg functions are defined by

kT

( 1)l+1 l
fD/2+l(Z) Z lD/2+l
L (24)
and gp+1(z) = ; D/2+1 "

So, there are no singularities on the positive realxis.
Hence there is no condensation of identical semion gas.

In conclusion, | have discussed QSM of the FES
gases in higher dimensions, generalizing the Wu dis-
tribution to give thermodynamic potential and density
of the system in the momentum representation. |
have found several basic theorems for such gases as
theorems 1-5. Theorem 3 especially characterizes the
universality class of the ideal FES gases in higher
dimensions, and theorem 5 states that no condensation
phenomena exist ilD = 1,2 and inD = 3, except the
g = 0 boson case. This result is not surprising since
the Wu distribution function holds a fermionic character
for 0 < g = 1 such that(np) = 1/g (= 0) for e = u
(e > ) at very low temperature. Therefore, | finally

Let us consider whether or not condensation OCCUf§0njecture that condensation occurs 0n|y when one

in an ideal FES gas. This is answered by consideringonsiders nonidentical FES-particle systems with two
singularities in the functions. As is well known, the and three components such as semion-antisemion gases

functions have a singular part whan > 2 [20]. For
example, if D = 3, then the smgular part comes from
e = 0 and is stemmed out as v In(l — zg) such that

Pp/kT = gpsa+1(z) — In(l - ZB)- So, aszz — 1,

and 1/3-1/3-(-2/3) triplet gases as generalizations of
Cooper pairs, quarks, and Kosterlitz-Thouless transitions.
It is very interesting to understand what type of inter-
action produces the properties of FES gases in higher

this part becomes macroscopically significant. In ourdimensions.
case, sinceggl =1 + W,, this condition is equivalent | would like to acknowledge Kazuko Iguchi for con-
to the conditionW, — 0. Thus, zeros of¥, provide the tinuous encouragement.
singularities of the bosonic pressufg. On the other
hand, there exist no such singularities in the fermionic
pressurePp.

Let us find such singularities in the pressite As is *Electronic address: kazumoto@stannet.or.jp
shown below, it is exactly equivalent to those found by [1] F.D. M. Haldane, Phys. Rev. Let7, 937 (1991).
Sutherland in the pressure for the CSM in his remarkable[2] A. Dasnierés de Veigy and S. Ouvry, Phys. Rev. LeR.
paper [19]. If P is regarded as a complex function of 600 (1994).
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