Lecturel3

1998 9 22
<< 13
< >
a2 a

1
< >

X "2
< >

(probability) (statistics)

(X"n+y*n = z"n

b_

n

b_{n+1}

n>2
300

(trial or experiment)

Fermat, 1601-1665) (
)
(coin toss)
N
- N_{A}

P(A) = N_{AMN. (1)

N_{B}

P(B) = N_{B}/N. (2)
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N_{AB} = 0. (3)

P(AB) = 0. (4)
N_{E}
N_{E} =0. (5)
P(E) = 0. (6)
N_{A}+N_{B}+N_{AB}+N_{E} =N, (7)
P(A) + P(B) + P(AB) + P(E) = 1. (8)
N P(A), P(B), P(AB), P(E)
(a posteriori) N - o
(a priori)

1/2

< >
(set theory)
N_{AB} N_{E} A A B
B A B An B A B E E

E -
(" A : AN (r\’\ R \)
v\ ‘\\ ./ /A
AB P(AB)
P(AB) = P(An B). (9)
A B P(A B)

P(A B) =P(A) + P(B) - P(An B). (10)
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P(A) = (N_{A}MN_{An BY/N, (11)
P(B) = (N_{B}+N_{An B})/N, (12)
P(An B) = N_{An B}/N. (13)

B A P(AIB)

P(AIB) = N_{An BY/(N_{B}+N_{An B}). (14)
A B P(A!B)

P(B'A) = N_{An BY/(N_{A}+N_{An B}). (15)

(11)-(15)

P(An B) = P(A)P(BIA) = P(B)P(A!B). (16)

(mutually exclusive)

P(An B) = P(AB) = 0, (17)
(10)
P(A B) = P(A) + P(B). (18)
A B (statistically independent)
P(An B) = P(A)P(B), (19)
(16)

P(AIB) = P(A),
P(BIA) = P(B). (20)
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r', FMOMER
EERROWRICL R L, Mk
RRVOB B EGR ol AT
e AR TH Y,
RYPBDAONTIREETH
< >
N ( N ) x {1}, x {2}, ...,
x_{N}(>0) (average or mean) -
<x> {s} = (x_{1}+ x_{2}+ ..+ x_{N}D/N. (21)
( ) (arithmetic mean) ( ) (geometric mean)

<x>_ {p} = (x_{1}x_{2} ... x_{NHM1/N}, (22)
(harmonic mean)
<x> {h} = N/(1/x_{1} + 1/x_{2} + ... + 1/x_{N}). (23)
r

<x>_ {r} = [(A/N)Z _{=1}N {x_{g3ri{1/r}. (24)

<x> {1} =<x>_{s},

<x> {0} =

lim <x>_{r} = <x>_{p},
r-0

<x> {-1} =<x> {h}. (25)
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(expactation value) N
[ (ensemble) ]

P(x_{2}), ... P(X_{N})
P(x_{1}) + P(x_{2}) + .. + P(x_{N}) = 1. (26)
X
x> =3 _{j=1IN x_{JIP_{i}. (27)
(equal probability)
P(x_{1}) = P(x_{2}) = .. = P(x_{N}) = P, (28)
(22)
P = 1/N. (29)

(29) (27) a7)

<x>_{r} = [ _{§=1}'N x_{{r}P(x_{iHI{1/r}. (30)

( )
( , System) N
A 1 (density)p (A)

p (A) = N_{A}/(NV) (31)

(density)
A
dVp (A) = dVN_{A}/(NV) (32)
A
| dVp (A) = N_{A} /N. (33)
< >

(physical quantity)

x(t)
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x_{1}, x {2}, ..., x_{N}

P(x_{1}),
(27) r
A N_{A}
dv
(observable)
T {0}=0 T
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<x>_{T}=(1/T)
T

J x(t) dt. (34)
0

(ensemble average)
<X>
-— (ergodic theorem)--
T > o x) <X> ;
(x) =

lim <x> {T} = <x>. (35)
T — 00

(@ (b)

aaba...b (36)

(p+a)'N =
N NI

NI N-M}, (37)
M=1 (N-M)! M!

P(M)
p+qg=1(39)
(37)
P(M) =

N!
———————— pM{N}(1-p)"{N-M}, (40)
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S P(M) = 1. (41)
M=1

p a (40) (binomial
distribution)

< >

N - o
N>>M>> 1, Np>>1 (40)
P(M) = [1/(21t n)1/2]%
(M/N)-M-1/2 [(N-M)/N]-N+M-1/2 p{N}(1-p){N-M}
= [1/(21m n)1/2] exp[-(M+1/2) In (M/N)
- (N-M+1/2)In((N-M)/N) + M Inp
+ (N-M)In(1-p)]. (42)
(Stirling) n>>1

n! v (2t n) (n/e)'n [ 1 + 1/(12n)
+1/(288n"2) + ..]. (43)

(42)
M=Np+¢& ,& <<Np (44)
P(M)

P(M) = [1/(2Tt ¢ "2)M{1/2 }] exp[- £ "2/(20 "2)], (45)
o = [Np(1-p)]{1/2}. (46)

(45)
00}
J P )dE =1.(47)
—00
(Gaussian distribution) (normal distribution)
o (distribution function) (measure)
(standard deviation) (Gaussian)
(error function)
K ¢ {1}, & {2}, ... ¢ _{k}
<€ >(=0) X "2

X"2=(€ _{1} - <€ >)"2/0 "2 + (§ _{2} - <€ >)"2/0 "2 + ... + (§ _{K} - <€ >)"2/0 "2. (48)
<€ > <€ >

dx "2 /d<¢ >

=[€ _{1}+& {2} +..+& {k} - k<€ >)/0"2=0 (49)
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k

<¢>=@€ _{1}+¢& {2} + ..+ & _{k})/k (50)
(48) exp[-x "2/2]
PLOt[ExXp[~-(q~2)]/Sqrt[P1],

{qa, =3, 3},
AxesLabel -> {x, y}]

Y

-3 1 2
< >
Np=s-= (51)
a b
M<<N (40)
N!

______ = N(N-1)...(N-M+1) -~ NM , (52)
(N-M)!

(1 -pN-M} -~ (1 -p)'N (A -p){s/p} - e'{-s}. (53)
(40)

P(M) = (1/M!) s"M eM-s}. (54)

00}
z P(M) = 1. (55)
M=1
(Poisson distribution)

o = [np(1-p)]{1/2} - (np){1/2} =V s. (56)

(54) M=s
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Stirling
In(M) MInM - M. (57)
(54)

P(M) = eM{-InM}e{MIns} eM{-s} = e{MIns-InM!} e {-s}
- exp[M Ins -M InM + M - s]. (58)

f(M) =M Ins -M InM + M - s (59)

df(M)7dM = Ins - InM = O (60)

M=s (61)
8 = 5
Plot([s*i Exp[-s)/i!,
(1' o' 12),
AxesLabel -> {x, y})
y
0.175
0.15
0.12%
0.1
0.075
0.05
0.025
X
2 4 6 B 10 12
< >
N M (40) M
(discrete) N & o
x =M, (62)
<x> = Np, (63)

0 "2 = [Np(1-p)I'{1/2}. (64)

P(M) = p(x) dx, dx = 1, (65)
p(x) = [1/(21t 0 "2){1/2}]exp[-(x - <x>)"2/(20 "2)], (66)
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| p(x) dx = 1. (67)

X (probabilitistic variable) p(x)
< >

p(x) X <>

<X> =
[ x p(x) dx. (68)

X f(x) <f(x)>
<f(x)> =
[ £(x) p(x) dx. (69)

f(x) = x'k p(x) k (the kth moment)
<X'k> =
| X"k p(x) dx. (70)
< >
p(x) (66) <x>

<x> = [1/(21 o "2){1/2}] x
[ dx x exp[-(x - x_0)'2/(20 "2)] =x_0. (71)

—00
<X> (mean square deviation)

<(x - x_0)'2> = [1/(2m o "2){1/2}] x

}’° dx (X - x_0)"2 exp[-(Xx - x_0)"2/(20 "2)] =0 "2. (72)

—00

(71)

0 "2 =<(x - x_0)"2> =<(x - <x>)"2>
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= <XN2 = 2X<X> + <> 2>
= <xXN2> - <x>"2. (73)

1 2
(dispersion)

< >

- (central limit theorem)--

l 1/2
X (
A_{n} = (x_{1} + X_{2} + ... + x_{n})/n (74)
x> A_{n}
A_{n} - <x> (75)
N -
< >
(66)

p(x_{1}, x_{2}, ..., x_{N}) = 1/[(2t ){N/2}c {1}o0 {2}..0 {N}]
x exp(-x "2/2), (76)

L dx {1} dx_{2}..dx_{N} p(x_{1}, x_{2}, .., x_{N}) = 1. (78)

—00 —00

P(x_{1}, x_{2}, ..., x _{N}) = p(x_{1})p(x_{2}) ...p(x_{N}), (79)
<x_{i}>=¢ _{i}, (80)

<(x_{} - «_{Jp)"2> =0 _{i}"2, (81)
x_{ix {i=0,i% j. (82)
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p(x_{1}, x {2}, ..., x_{N}) =A exp[-
N

2 a_{igpx_{i} x_{i} 1, (83)
i<j=1

A p(x_{1}, x_{2}, .., x {N}) (78) (A = T M{N/2}/det(a_
{uhH1{1/2})

<x_{I}'2>=2a_{ii}, (84)
x_{i}x_{j}>=a_{ij}, i # j. (85)

(85) (correlation relation) (85) x_{i}
x_{i} a_{ij}
(correlation coefficient)
< X "2 >
(plot)
(least square method) x "2 (
)

y

d |

{1 i,
L s

5(‘ - < ‘4;»"_\__(_\
X X 1 :) L

x_ {1}, x {2}, ..., x_{n} n

y_{1}, y_{2}, ..., y_{n}. (86)

y = f(x) (87)

X "2 =y {1} - f(x_{1PD]*2/0 _{1}2 + [y_{2} - f(x_{2D)]"2/0c _{2}'2+ ...
+ [y_{n} - f{(x_{nh]"2/0 _{n}'2, (88)

o {1}, 0 {2}, ..,0 {n}

http://www.stannet.ne.jp/kazumoto/Lecturel3.html 12/ 20
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(88) T(x) X "2 (Chi-square fitting)

o {1¥2=..=0 _{n¥2=0"2 (89)

f(x) =ax+Db (90)

(88)

X "2 =[y_{1} - (a x_{1} + b)]"2/c _{1}'2
+[y_{2} - (ax_{2} + b)]'2/0 _{2}'2 + ...
+[y_{n} - (a x_{n} + )I'2/c _{n}2. (91)

a b

0 (x "2)/0 a=0, (92)
0 (x "2)/0 b =0. (93)

(92), (93)

0 (x "2)/0 a

= -[x {1} (y_{1} -ax {1} - b)/o _{1}'2 + x_{2} (y_{2} - ax_{2}b)/o _{2}"2 + .. + x_{n} (Y_
{n} - ax_{n} - b)/o _{n}'2]

= 0. (94)

d (x 2)/d b

= [(y {1} -ax {1} -b)/o _{1¥2 + (y {2} -ax {2} - b)/o _{2}2 .. + (y_{n} - a x_{n} - b)/
o _{n}2]
= 0. (95)

(94), (95)

aS {xx}+bS {x}=S_{xy}, (96)
asS {x}+bSsS=S {y} (97)

S=1/0 _{1y2+ 1/c _{2}Y2 + ..+ 1/0 _{n}'2, (98)

S {xX}=x_{1}¥/o {1}y2 +x {2}/oc _{2}2 + .. + x_{n}/o _{n}'2, (99)

S {y}=y {1¥/o _{1y2+y {2}/c {2}2+ ..+y {n}/o {n}'2, (100)

S {xx} =x_{1}y2/0 _{1}'2 + x_{2}'2/0 _{2}'2 + ... + x_{n}*2/0 _{n}'2,(101)

S {xy}=x {1}y {1}/o _{1}y2 +x {2}y {2}/0 {22} + .. + x_{n} {n}/o _{n}'2. (102)

(96), 97) a,b

a = (SS_{xy} - S_{x}s_{yhH7A , (103)

http://www.stannet.ne.jp/kazumoto/Lecturel3.html 13/ 20
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b = (S_{xx}S_{y} - S_{X}S_{xy}7/A , (104)
A =SS _{xx} - (S_{x})"2. (105)

f(x) =a 0 xM + a_1 x{M-1} + ... + a_{M} (106)

X "2
< >
-- (Monte Carlo method)-
x {0}, x {1}, ..,x {n}, .. (107)
(unpredictable number) (random number)
a, b, m x_{0}
(seed ) x_{n} x_{n+1}
X_{n+1} = a x_{n} + b mod m. (108)
X mod y X Yy (residue)
x/y=q..r,orx=qy+r, (109)
r=xmody. (110)
[0, 1] n r_{n}
r_{n}=x_{n}/m (111)
r_{n}
b
[ f(x) dx. (112)
a
[a, b] N x_ {1}, x {2}, ..., x_{N}
(random sampling) (112)
b

[ f(x) dx (b -a) (1/N)

http://www.stannet.ne.jp/kazumoto/Lecturel3.html 14 /7 20
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a

N

S f(x_{k}) . (113)
k=1

(111) m m

ADGR5 20270 74000 48VE) POOST 02750 HETIM 27082
BA730 JP001  ATBYE 42152 BO044 HZBATT 44440 G144
S5449 66261 38104 J6120 66105 SGB43 17467 79969
2004 22804 $6R02 OBRIBO 07676 27400 50200 40041
OGRON JOBAO  O70404 BA0G1  TUBR70 190046 94000 74214

16086 ABLA0 26772 51001 00122 13542 29008 02527
TOJI2H 54459 74210 30050 QO7u4 b0y
B2AB2 AO6H0  D4742 79244 B I 05238 71302
J4342 01036 91700 87950 4249 J5572
TIURE 001D 72214 UB4S4 U276 T547N JA32T7 T4

16513° 04318 44844 62677 5265
B1263 40076 62672 77020

22644 G072 B2TH)
045 i) JO00H

14165 w1082 19943 51068 20249 34622 76240 99180

{041] J0588 B3133 74008 05019 02651 23968 39257

D3900 73882 25113 50388  AJONM 23301 1257377 6370
RE S

MR, SRIYAMUNE LSRN L L Cin
NG, ABERAUTIz, AMIZaE 28
PAMATES, 10, MICRCkEE-NIr T

MIRO Ler S AIRROEWEAS, LA LItAE )
erOnukNi o, FALILELAY S
P FBERI IR A ' bt 100
HWORCFE Tz §<T, et Al
ME A f2, Lidir 2o AR 1%

< >
1) / (Time Life, 1973).
2) W. H. Press et al., Numerical Recipes, (Cambridge University,Cambridge, 1986).

<Home Work Set #13>

a1l 6 B )
b) A, B, C (Bayes' theorem):
P(B|C)/P(C/A) = [P(B)/P(C)][P(AIB)/P(AIC)] G )

2) (21), (22), (23) N=2
x>_{s} <x>_{g} <x>_{h} G )

3) (42) (45) G )
4) (54) s=2 M=0 M=10 5 )

5)0 {3} = <X -<x>)"3> (73) XN3>, <XN2>, <x> 5 )

http://www.stannet.ne.jp/kazumoto/Lecturel3.html 15/ 20
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6) a) o} G )

b)
c)
7) x,y) = (1, 5), (2, 4.5), (3, 6.5)
G )
8) a) (108) (111) 10
5 )
b) a) 10
1
[ 4(1-x"2){1/2} dx.
0
<Home Work Set #12 >
1) (6)
)
(6)

X=acost,y=bsint

X=rcosb ,y=rsinb

2 = a2 cos™2}t + b"2 sinM{2}t.
S 1/4

S/4 =

mn/2

[ (r"'2/2) do =

o

mn/2

[ (r"'2/2) (dé /dt) dt
o

=(1/2)

mn/2

[ (@"2 cosM2}t + b"2 sin™{2}t) (d6 /dt) dt.

0
tan 6 = (b/a)tan t

(1/cosM2}6 ) d6 = (b/a)(1/cos™2}t) dt.

http://www.stannet.ne.jp/kazumoto/Lecturel3.html

(10 )

(5

04.5.13 5:01 PM

G )

x {0}=1,a=111,b=55m=41

(5

)
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1/cosM2}6 =1 + tan2}0 =1 + (b/a){2}tan*{2}t

= (a"2 cosM2}t + b"2 sin*{2}t)/a"2 cos{2}t.

(d6 /dt) = (b/a)(cos™{2}0 /cosM2}t)
= (b/a) a"2/(a"2 cosM2}t + b"2 sin*{2}t)
= ab/(a"2 cosM{2}t + b"2 sin{2}t).

S/4 = (ab/2)
mn/2
| dt =1 ab/4.
0
s=mab
2) (6) Xx=acosb ,y=bsinb
)

ds"2 = dx"2 + dy"2

s=[ ds=[ V (dx"2 + dy"2) =

2mn

[ v ((dx/d® )'2 + (dy/d6 )'2) db6 =4
0]

n/2

J v ((dx/d8 )2 + (dy/d® )"2) de .

0]

dx/d6 = -a sinb , dy/d6 = b cos6

s=4

mn/2

[ (@2 sin™{2}6 + b"2 cos{2}6 )1/2} db .
0

cos{2}6 = 1- sin2}6
s/(4a) =
mn/2

[ (1- k"2 sinM{2}0 Y1/2} d8 = K(K),
0

http://www.stannet.ne.jp/kazumoto/Lecturel3.html
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K2 = (b'2 - a*2)/a"2.

(elliptic integral of the second kind)

3) R L (10 )

( )

y=(R/L)x (0O <x<L)

Il
N
=

y(L1+(dy/dx)"2)"{1/2}dx

N
=i

(R/L) x (1+(R/L)"2)M1/2}dx

21 (R/L)(1+(R/L)"2)1/2}

o—rrino—|rrino—/rom
X
o
X

= 11 (R/L)(1+(R/L)*2)N{1/2}L"2
= R (L"2+R"2)"{1/2}.

(L2+R2)1/2 R/(L2+R2)1/2

(R/(L'2+RM2)M1/2})m [(L'2+R'2)M1/2}]"2
= TR (L"2+R"2)M{1/2}.

( )
Ay=f(x)=ax2+bx+c y 1=Ff(x 1),y 2=F(x 2),y 0 =f(x_0),x 0=(x_1+
X 2)/2,x 2-x_1=h (10 )
X _2
J f()dx =h(y_1+y_2 + 4y_0)/6.
x_ 1

)

f(x)

http://www.stannet.ne.jp/kazumoto/Lecturel3.html 18 /7 20
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2
(ax"2 +b x+c)dx

><><“><

(s

1
2
(a/3) x"3 + (b/2) x"2 + ¢ X]
1

><

= (a/3) x_{2}'3 + (b/2) x_{2}'2 + ¢ x_{2}
- [(a/3) x_{1}'3 + (b/2) x_{1}2 + ¢ x_1]

= (a/3)(x_{2}'3 - x_{1}"3) + (b/2)(x_{2}"2 - x_{1}'2) + c(x_2 - x_1)

= (X 2 - x_DlE/3)(x_{2}2 + x_{2}x_{1} + x_{1}'2)

+ (b/2)(x_2 + x_1) + ]

=[(x_2 - x_1)/6][2a(x_{2}'2 + x_{2}x_{1} + x_{1}'2)

+ 3b(x_2 + x_1) + 6C]

=[(x_2-x_1)/6]l[ax_{2}2+bx 2 +cC
+ax {1}y}2+bx_1+c

+ax_{2}2 + 2ax_{2}x_{1} + ax_{1}'2 + 2b(x_2 + x_1) + 4c].

X 0=(Xx_1+x_2)/2

ax_{2}2 + 2ax_{2}x_{1} + ax_{1}2 + 2b(x_2 + x_1) + 4c

—a(x_2+x_1)2+2b(x_2+x_1) +4c
=4(ax_{0}2 +bx_0+c).

h=x 2-x1,

yl f(x_1)=ax_{1}2+bx_1 +c,
y 2=Ff(x_2)=ax {2}'2+bx_2 +c,
y 0=f(x_0)=ax {0}2+bx_0+c

X_2

[ (@ax"2+bx+c)dx

x_ 1

=(h/6)(y_2+y 1+ 4y 0).

5) f(X) = exp[-x"2]

e’x, 20 (10 )
)

http://www.stannet.ne.jp/kazumoto/Lecturel3.html
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10

| exp[-x"2]dx =2

-10

10

[ exp[-x"2]dx

o

=2Mh/2) [y O+2((y 1+y 2+.+y 9 +y 10].

[-10, 10] 20 h=1

y_0 =exp[0] =e™0 =1,

y_ 1 =exp[-1] = eN-1} = 1/e = 0.3678794,

y_2 =exp[-2"2] = eM{-4} = 1/e" = 0.0183156,

y_3 = exp[-3'2] = ei{-9} = 1/e"9 = 0.0001234,

y_4 = exp[-4'2] = eM{-16} = 1/e{16} =0.000000113,
y_5 = exp[-5"2] = eM{-25} = 1/eM{25} O, ...,

y_10 = exp[-10"2] = e/{-100} = 1/e {100} O.

I=1+2(1/e +1/eM + ... + 1/eM81}) + 1/e" {100}
=1+ 2(0.3678794 + 0.0183156

+ 0.000123 + 0.000000113)

=1.772637.

| =

00}

| exp[-x"2]dx =2
—00

00}

[ exp[-x"2]dx

o

=V m =1772453851...

I [ bonationl}
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