On the Theory of Metals, I.
Eigenvalues and Eigenfunctions of a Linear Chain of Atoms
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A method is given whereby the zero-order eigenfunctions and first-order eigenvalues (in the
sense of the London-Heitler approximation scheme) are calculated for a one-dimensional ”metal”
consisting of a linear chain of a very large number of atoms, each of which has a single s-electron
with spin, outside closed shells. In addition to the spin waves of Bloch, bound states are found, in
which parallel spins are predominantly on nearest neighbor atoms; these features may be important

for the theory of ferromagnetism.
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I. INTRODUCTION

Until now, the theory of metals has for some time been
limited to the investigation of the motion of individual
conduction electrons in the potential field of the metal
atoms (Sommerfeld, Bloch). The interaction of electrons
with one another has been ignored, at least insofar as
the electronic-interaction potentials are concerned. Al-
though this procedure has been very fruitful in problems
of metallic conductivity (with the exception of supercon-
ductivity), it did not allow for a deeper penetration into
the problem of ferromagnetism [1] and for example, it
rendered the calculation of the cohesive forces in met-
als a completely hopeless undertaking: exchange forces
among the conduction electrons dominate first order per-
turbation theory and have the same order of magnitude
as the zero-point energy of the electron gas (the energy in
zeroth-order perturbation theory). Accordingly, one esti-
mates that the second-order approximation will again be
of the same order of magnitude, and so on. Under such
circumstances, one should be skeptical of an approxima-
tion in which the motional energy of the electrons (kinetic
zero-point energy) is considered to be overwhelmingly
more important than their interaction energy (exchange
energy).

It is for such reasons that Slater [2] and Bloch [3]
have recently tried to approximate the problem from an-
other angle, that is assuming the atomic structures to
be given and their interactions to be the perturbation,
in accordance with the London-Heitler approximation
for molecules. Slater was mainly interested in the co-
hesive energy of non-ferromagnetic materials, in which
the London-Heitler exchange integral is generally nega-
tive [4] !, and gave an interesting method for the ap-
proximate calculation of the ground state energy of such
metals when the total spin vanishes. In the case of ferro-

"Here, J < 0 implies *antiferromagnetic” couplings
?Here, J > 0 implies "ferromagnetic” couplings

magnetism, Bloch calculated approximately the leading
terms in the opposite case J > 0 ? in a systematic fash-
ion, but obtained too many eigenvalues by his method.
It is the aim of the present work first, to give a procedure
for the case of a linear chain of atoms, which allows the
calculation of every eigenvalue of this one-dimensional
crystal to arbitrary within the context of the first ap-
proximation of the London-Heitler method, such that the
problem will be at exactly the same stage as the hydro-
gen molecule H5 in the London and Heitler work. And
in addition, to obtain other types of solutions differing
from the (somewhat modified) Bloch [3] solutions, ensur-
ing that the total number of eigenvalues turns out exactly
correct.

II. FORMULATION

Our problem can be stated as follows: Given a lin-
ear chain composed of a large number (N) of like atoms
where each atom has a single valence electron in an s-
orbit outside closed shells occupying a known atomic
eigenfunction, what are the zeroth-order eigenfunctions
and first-order eigenvalues of the entire system when the
interaction among the individual atoms is taken into ac-
count?

As long as one neglects the interaction energies, there
are two states of equal energy for each atom-the spin of
the valence electron can point either right or left. The
energy eigenvalue of the chain is therefore 2V-fold de-
generate in zeroth approximation. Each of these states
of the chain can be specified by enumerating the atoms
which carry a right-handed spin; assume this to be
the case for atoms mi,ms,...,m,.. The correspond-
ing totally antisymmetric eigenfunction of the chain is



w(my,ma,...,m,). The correct zeroth-order eigenfunc-
tions therefore assume the form

v- %

m1,M2,...,My

a(mlamZa R mT)QD(mlamZa R mr)

where each of the integers my,ms, ..., m, runs from 1 to
N. We specialize to my < mo < ... < m,.

One calculates matrix elements of the interaction en-
ergy using these states, each specified by its spin distri-
bution my,ms, ..., m,, obtaining: [3]

Diagonal FElements: If in the spin distribution

my, msa,...,m, these are N’ nearest neighbor pairs of
parallel spins, then

Wml,mg,...,mT =Fy— N'J.

Ely is the electrostatic interaction energy of the atoms are
neglected, as they fall off exponentially with distance.
Nondiagonal Elements occur between any two states
which differ merely by a single perturbation of a pair
of adjacent antiparallel spins as, for example, between
my,...,my,...,my (where we suppose m; + 1 to be a
left-handed spin and therefore missing from the enumer-
ation) and my,...,m;+1,... m,, (with m; missing). All
such off-diagonal matrix elements have a value —.J.
With the aid of the interaction matrix elements, one
obtains the following equations among the coefficients

a(my, ma,...,m;) of the eigenstate ¥ which we are seek-

ing:

2ea(my, ..., mr)—i—Z{a(m/l, cooml)—a(my, .. me) =
(1)

Here,

%] =e—Eog+ NJ (2)

and e 1s the total first-order perturbation energy. The
summation is over all sets m), mb, ..., m! which differ
from my, ms, ..., m, by a single permutation of nearest-
neighbor antiparallel spins. 3

In addition to Egs.(1), the a’s must satisfy periodic
boundary conditions:

almy,...,mi,...,m.)=a(my,...,m+N,...,m,.) (3)

III. REAL SOLUTIONS

For r = 1 the solution of (1) is

a(m) = ethm
e=1—cosk

k= 2;{,—>‘, A = integer

®FEq.(1) is more extensively derived by Bloch in Eq.(5) of
Ref.3, where he labels atoms f; instead of m;, and instead of
2eJ, simply writes as ¢.

For r = 2, two cases are to be distinguished: either the
two right-handed spins are separated, in which case

—2eca(my,ma) = a(my + 1,ma2) + a(my — 1, ma)+
a(my,mg + 1) + a(my, ma — 1) — da(my, m2)
(4a)

with ma # my + 1, or else they are adjacent, and:

—2ca(my,my+1)=a(m —1,m; + 1)

4b
+a(my, my +2) — 2a(my,my + 1). (40)

The first set of equations are rigorously solved by an
ansatz,

a(ml,mZ) — clei(f1m1+f2m2) + CZei(f2m1+f1m2)’ 5
e=1—cosfi+1—cosfo, )

in which ¢y, ¢o, f1, fo are as yet undetermined by all this.
The second set can be satisfied by selecting ¢; and ¢;
so as to satisfy

0=a(my,m)+a(mi+1,m+1)—2a(my,mi+1). (6)

Here, a(m1,my) has no physical meaning but, rather, is
to be defined by (5). Obviously, by adding (6) to (4b) we
bring it to the form (4a), and we have already satisfied
equations of this type. Inserting (5) into (6) yields:

ei(f1+f2)m1[cl(1 + et(f1tf2) _ Qeif2) -
Frea(1 4 eflfatf2) _9¢ily] = 0, ™

o f1—f2 . _ .
¢y cos — ei(F5) sin f12f2 + icy9
— = f1—f = _
C2 COS%—@’_Z( 52) sm%

fitf2
2

— i612

fitf2

with ¢15 = cos 2712 —cos % [= —2sin %1 sin %2] [Ed-

itor’s note: |¢1/ca| = 1, therefore we just seek a phase

factor] Set ¢; = e'%, ¢y = ¢7'% | s0 that

- f1—Fa
sin L1242
Cot% = 2

(8)

c12 ?
2cot% = (:otfz—1 — cot%.

Thus, one obtains

a(ml’ m2) — ei(f1m1+f2m2+%) + ei(f2m1+f1m2—§). (9)

Additionally, it is assumed that m; and ms lie in the
fundamental period of the chain, i.e., 1 <m; < my < N.
Periodic boundary conditions require:

a(my, ma) = a(ma, my + N). (10)



[The notation a(ms, my+ N) is explained by our conven-
tion of listing the m; in the order of increasing magnitude,
see above.] Inserting (9) into (10):

ei(f1m1+f2m2+§) + ei(f2m1+f1m2—%)

— ei(f1m2+f2(m1+N)+%) + ei(f2m2+f1(m1+N)—%).

As these must hold for all m; and ms, the first term on
the left must be equal to the second term on the right,
as they have the same dependence on m; and m+, and
conversely, so that

Nfl—QDIQTFAl,Nfz—FQDIQﬂ'AQ, (11)

and A1,A2 = 0,1,2,..., N — 1. Although, individually,

the f1 and f5 do not have the usual form 2;{2‘, their sum,
2m(A1 4+ A
k=f1+f2=¥, (12)

is a true constant of the motion of the problem; the co-
efficient a(my,mz) is multiplied by % if both the right-
handed spins are displaced by one atomic position to the
right, a translation which obviously does not affect any
physical properties [by translation invariance].

We now discuss the behavior of the phase ¢ as a func-
tion of f; and fs, for which we specify that

r<p<m (13)

If one interchanges f; and f>, then clearly ¢ changes sign
and the coefficients remain unchanged, according to (9).
If f5 is held fixed and f; is allowed to increase from zero,
then cot £ falls from 4oco to smaller positive values, fi-
nally reaching zero for f; = fo; thus, ¢ ranges from 0 to
7. If fi becomes slightly greater than fs, ¢ jumps from
7 to —m, gradually increasing back to zero as f; increases

to 2r. If fi = fo, then either

N fi 1
= A=A —1= — — =
=47, A 2 o 9
or
N
@I_ﬂ-aAleZ"i—l: _f1+—.
2w 2

In either instance, according to (9) for all my, ma,
a(my, ma) becomes

a(my, mg) = eifl(ml'i'mQ)(ei% + e_lg) =0.

This means that f; = f; * does not lead to a meaningful
solution of the problem, and if A5 is specified, A; can take
on only the values

M=0,1,2,..., 0 -2 +2,...,N— 1.

A=A E1
®the "bound-state”

As f1, fo and f5, f1 yield the same eigenfunction, we can
specify f; < fo without loss of generality. Thus, for fixed
Ag, there are A; — 1 solutions A1 = 0,1,..., A3 —2 and A,
goes from 2 to N — 1, so that the total number becomes:

Ni(xz_m:(N;l)z

Ax=2

(N = 1)!
2I(N — 3)!

a binomial coefficient. Clearly, there must be as many
solutions as there are distinct configurations for m; and

N!

9 | = ww—ay So in fact the foregoing

ms, namely

exact analysis yields an insufficient number of solutions,
whereas Bloch [3] believed that the method yields too

N—i—l)_ (N+1)

many, namely ( 9 = SNy

IV. ADDITIONAL IMAGINARY SOLUTIONS

There must exist N — 1 additional solutions. These
are obtained by allowing the wave numbers f; and f5 to
take on complex-conjugate values. In fact we shall find
that for each, arbitrary, value of ¥ = fi; + fo there is
found precisely one pair of complex conjugate solutions
to Eqgs.(8) and (11) 5. Let

fi=u+ 1w,
fzIU—iU,

(14)

then

; fi cosgcosh & —isin§sinh 3
COL — = —; 3 s
2 sin § cosh § + i cos 5 sinh

:sinu—isinhv (1)

coshv —cosu

By (11),

N(fl — fz) =2Nw = 27T(A1 — Az) + 2g0,
=1 +ix,
b= 70z — M), (16)
x = Nu.

If v is finite, then y must be very large, such that

Sin — 15€
cot 5~ % = —it2e7(siny —dcoseh),
2



b

cot o = —i(l + ) (17)

In first approximation, the following holds:

2(:otf = (:otﬁ —(:oté =N
2 2 2
__ sinu—idsinhv  sinu+isinhv
coshv — cosu coshv —cosu’
sinh v = cosh v — cos u,

eV = cosu (18)

and

£ =2—cos(u+iv) — cos(u — iv)

:2—2cosucoshv:2—cosu(cosu—|—

),

Cos u

¢ = sin?

(19)

Clearly, cos u has to be > 0, that is =5 < u < 7. If then
k =2u+ 2n7 (n an integer) is between 0 and =, then

1
u= 5(1 — cos 2u).

k

Uzi,

if between # and 27, then

U= —--+m.

2

In a second approximation we set

v=1g+e¢, (20)
where vy is value obtained in the first approximation.
Then,

. inh
Qcot L = 9 — 4je~xHiv = _g;  SMAV
2 coshv — cosu

. sinh vg cosh vg sinh vg
=-21——— [1+e¢e| = —
cosh vg — cosu sinhvg  coshwvg — cosu
1 2
— il (1 ge ()] = 241426 cot? w),
1—cos®u

6Tn fact, this occurs already for u < %, despite that in the
second approximation v is positive, because higher approxi-
mations push it down to negative values.

£ = (tan2 u)e_x'l'w.

As ¢ is in general very small, Nvg can be written for y.
¥ 1s now adjusted according to the prescribed value of &:

If % = A1 + Ay = A 1s even and smaller than %, we
can set
A
A=A = 5 v =0
Likewise, for A > %, N + X even:
/\1:/\2:NT+A,1/):0.
If either A or N + A is odd, then we must write:
=M+1L¢Y=m
From this,
£ =+ tan? ue Nvo, (21)

For even A (or N 4+ A), v > vp. If in the next approxi-
mation vy is replaced by v then resulting ¢ is smaller than
that of the second approximation. The procedure for the
determination of v always converges, indeed very rapidly.
On the other hand, if a negative sign be chosen (odd A or
N + ) then v < vg and absolute value of € increases in
higher approximations. This makes no difference so long
as vp 1s finite, as then the correction to ¢ is infinitesimal.
But if u is small and therefore cos u ~ 1, then vq is also
small, and to sufficient accuracy

2
u
vg = —logcosu=1—cosu = 5

—L_. then Nuwg is finite and

If u 1s small of order =

£ = —ule Nvo

i1s larger than vy in absolute value so long as Nvy <

log2 =~ 0.7, u? < 1174' For u < «/% and odd A, then

vy = vg + ¢ will be negative, the process diverges, and no

solution with two complex conjugate wave numbers can
be found. ©

In its place, there occurs an additional solution with
two real wave numbers. We again consider k as given and
fo = k — f1. Earlier in the discussions of real solutions it
was tacitly assumed that with increasing fi, F = Nfi—¢



increased monotonically. This might seem obvious, inso-
far as f; 1s multiplied by a very large factor N and ¢ is
o(1). Nevertheless, this assumption is invalid at small k.
Looking at (8) in some greater detail, we obtain

dF A
— =N-—-2—,
df, D
where
1 1
A=
02 J1 a2 k=11
4sin” 5 4sin” =5
and
1 1 k—
D:1+[§cot%—§cot 2f1]2,
setting f1 = fo = %, then clearly
dF 1
N
dfy sin? %1
is positive only so long as sin % > ﬁ For £ <
4sin_1(\/1—ﬁ) ~ \/LN the increase of F' = N fi — ¢ as func-

tion of fi is broken off by a decrease in the vicinity of
1= % If% = A 1s odd, then

Nk A—1
— -7 =27\ =27
2
where A; is an integer, and for Ay = %, Ay = %,

there are two * solutions of the system of equations (8)
and (11): besides fi = fa, ¢ = =, there exists a solution
fi < fa, ¢ # w, for which the coefficients (9) remain
finite in contrast to the first solution.

To actually find this solution, we put f; = f —2% and
throughout and use sin f = f, cos f = 1, cot f = %, valid

for small f. Then, ek
2cot§ _ f—22fv B f+22fv _ NS; (8a)
20=271(Aa — A1) = N(fo— f1) =27 — 4e (11a)
cotg = tane,
ta;w _ N4f2 (22)

"One can show that F' can assume no other integer value
more than once (for odd A) and none at all for even A.

8The solution Ay = N —1, Ao = N has, in fact, already been
counted once, in the form A2 =0, A\; = N — 1.

From this, € is determined, ¢ is < 7, therefore ¢ > 0 and
Nfy > 27w\

With this, we have determined an additional solution,
with real or complex wave number, at each value of A.
The largest allowed value of A is obviously N — 2 with
AM =X = N —1; for A = N — 1 on the other hand,
Ay = N, outside the permissible interval . Thus, we
find N — 1 solutions A =0,1,2,..., N — 2, precisely the
required number.

According to Eqgs.(9), (12), (16a), the coefficients
a(my, my) of our complex solutions are

a(ml,mz) _ eiu(m1+m2)(ev(ml—m2+%):te—v(m1—m2+%))’
iu(my+ms) | cosh N
a(my,my) = e (m1+ ){ sinh }v (5_(m2_m1))

(93)
with cosh or sinh applying according to whether A (or
N+ X for A > %) is even or odd. For our solutions it is
most probable that both right-handed spins lie as close
together as possible, as the probability |a(m;,ms)|? falls
off exponentially with distance ms — my. The extreme
case occurs for the solution with A = %, u = % and
v = co. Here, after appropriate normalization,

B 0 for ms £ my 4+ 1
a(mlamZ) - (_1)m1 for mg=m;+1"~°

and both spins are always precisely adjacent.

Every eigenvalue ¢ for a solution with two complex con-
jugate wave numbers is smaller than any eigenvalue with
the same total wave number &k and real wave numbers,
as we shall now show. According to (2) then, the corre-
sponding energy e in the first approximation is lower than
all the solutions with real wave numbers if the exchange
integral J is positive (for ferromagnetism) or higher, if .J
is negative (the usual case).

For the complex solution we have, specifically,

ep = sin? u, (19)
whereas for the real,
g, =1—cosfi +1—cos(k— f1), (5)
(5) reaches its minimum for

= % for0<k<nm
1= %—i—ﬂ'forﬂ'gkg?ﬂ"



that is, generally for f; = fo = v. The minimum is
Emin = 2(1 — cos u),

so that

€k 1+ cosu
= 5 <1,

(24)

Emin

where the equal sign applies only at v = 0 . QED.

V. GENERAL CASE

We turn now to the general case of r right-handed
spins. Eqs.(1) again fall into two types: If none of the r
designated spins mq,...,m, are adjacent, then

r

—2ea(my,...,ms,...,my) :Z[a(ml,...,mi—l—l,...,mr)
r=1
+a(my,...,my =1, .. omp) = 2a(my, . ..,my, ..., my)].
(24a)

If instead, two are adjacent, say mp41 = my + 1, then,

—2ea(my,...,ms,...,mp,mp+1,...,my)

=a(...,mp—1mp+1,..04+a(...,mpg,mp +2,...)

r

—2a(...,mp,mp+1,..)+ Z [a(...,m; +1,..)
ik k41

+a(...,m; —1,..) = 2a(...,my,...)] (24b)
and analogously for any larger number of adjacent right-
handed spins.

We next suppose '°

r!

a(ml, o, My ,m,.) = Z ei[zlzz1 femets Z‘PPk,Pn]’
P=1
(25)
e=> (1—cosfp). (26)
k=1
P is any permutation of the » numbers 1,2,...,r, and

P, 18 the number which replaces k& under this permuta-
tion. The ansatz satisfies the first set of equations (24a)

®As fi is never exactly equal to f> (cf. Sec.IIl), in fact the
inequality always applies.
192 Bethe ansatz”

1> ynphysical”

by inspection. The remaining equations are satisfied by
requiring that

2a(...,mp,mp +1,...)

=a(...,mp,mp,..)+a(...omp+1,mp+1,..) (27)
in which the ' amplitudes on the right are to be defined
according to (25). Eq.(27) must hold for any arbitrary set
of my,mg,...,m, of which an arbitrary number can be
nearest-neighbors, provided only m; < ms < ... < m,.
All the relations (24b) are simultaneously satisfied by this
device, including cases in which the mq,m,, ..., m, in-
volve more than one pair of adjacent parallel spins; all
equations are reduced to the type (24a), which have al-
ready been solved. Eq.(27) itself is satisfied by requiring
the phase ¢ to satisfy the relations,

Phn = cot & — cot f—n

2 cot ;
2 2

(28)

T < <.
There remain the periodic boundary conditions,

a(my,ma,...,my) = a(ms,...,my,my + N),

Z ei[Z;zl feymet+i Z $Py,Pr]

P
= R L L E DI )
Pl

This holds for all my, ms, ..., m,; therefore terms on the
left-hand and right-hand sides of the equation which have
the same dependence on my must be precisely equal. For
example, consider a term P on the left and P” on the

right, with P” defined by
Pl =Pk=2,....,r), P/ =P,.

These results

1 1

r—1

1 1

:NfP1+§ Z PPit1,Pri1 +§Z¢Pk+1ypl
k<n<r—1 k=1



1 1<
) Z SDPk,Pn_§ZZ:SDP17Pk

2<k<n

r

=Nfp, — > ¢pPpe,

k=2
making use of ¢, = —¢,;. Since this relation holds for
every P, it follows that
Nfz =27\ + Zg@ik (29)
k#i

foralle=1,...,r.

In complete analogy with Sec.III, one further can show
that two f;’s can never coincide, otherwise all the coef-
ficients vanish, and therefore for real f; two succeeding
A:’s must differ by at least 2. The number of solutions

with real f’s 1s thus
N-—-r+1
r bl

(7))

the number of solutions we seek.

far fewer than

VI. COMPLEX SOLUTIONS

If f, = up + iv, is a complex wave number, then it
follows from

Nfe =2t + > ¢rn
n#k

that at least one of the ¢, s has to have a very large
imaginary part of O(N). That means in first approxima-

tion (cf. Sec.IV)

2 cot = co

That is, there must be an f,, such that the real part of
cot %" must agree with that of cot %, while their imag-
inary parts differ by 2 (to O(e™)). One is led to the

following solution, which we shall denote a wavecomplex

12: 5 wave numbers are defined by the equations:
fe
cot T T ek K= —(n—1),—(n=3),...,(n=3),(n—1)

(30)

12 . . .
a many-spin bound state, i.e., a ”soliton”

in which a is a constant for all n wave numbers. Clearly,
Pr et2 = 1/) - (:l:)ZOO

where the remaining ¢’s have finite imaginary parts.
remains undetermined. Applying (15) one obtains

sin U,
— T g,
cosh v, — cos uy
sinh v,
— — K,
cosh v, — cos uy
for which the solutions are
2a a a
u, =tan" ! ———— —cot™l —— —cot™!
K a4+ k2 -1 k+1 k—1
(31)
2K
tanhv, = —————
T a2+ k241

o, _ (R+ 1)+
e _

RGN o

and sin u has therefore the sign of a.
We assert that @ can be expressed using the total wave
number of our wavecomplex,

(n=1)

k=—(n-1) K

which, in simplest form, is
k
a = ncot 5 (34)

For n = 1 this is evident, for n = 2 it follows by inserting
the solution obtained earlier (Eq.(18), Sec.IV)

k
—v _ k
el =cosuu= g (or 5+ ),
sin u sin u
- - 1
— ——4cosu
coshv — cosu e — cosu

= 2cotu = 2cot —.
2

On the other hand, at fixed a, the wave numbers for a
complex of n waves are exactly the same as for a complex



of only n— 2 waves, there are only two new wave numbers
Up—1 = U_(n_1) to be added, so that

kn _ kn—Z

7 = 9 + Up_1q. (33@)
Now taking (34) for n — 2 as proven, then
k—n = cot™! + cot™? 4_ cot™! = cot™! 4
2 n— n n—2 n

We further assert that our wavecomplex has eigenvalue

_ 1—cosk

£n (35)

n

This is also evident for n = 1, and for n = 2 proved in
(19). In general,

n—1

Z (1 = cos(uy — ivy))

k=—(n-1)

En =

=en_2+2—cos(tp_1 + ivp_1) — cos(tp_1 — tUp_1)

=¢en_2+2(1 —cosup_qcoshv,_1)

_ [a? + (n = 1)? — 1][a” + (n — 1)* + 1]
—6n—2+2<1‘ [a? + (n = 1)? + 1] — 4(n — 1)? )
SR e U

(a* +n?)(a® + (n = 2)?)

using (31), (32). We now assume (35) to be valid for n—2
and use (34), from which it follows that

a? —n(n—2)
(@ T )+ (1= 2)

En 1 49
2 (n=2)(1+ %)

_ (n — 2)(a? + n?) + 2(a® — n(n — 2))
(a® +n?)(a® + (n = 2)?)

_ n _1—cosk
T a4 n? 2n

Finally, by analogy with Sec.IV, we establish the fol-
lowing: if the number of right-handed spins » and the
total wave number £ of all spin waves is given, then one
obtains the smallest eigenvalue £ when one combines all
r spin waves into a single wavecomplex of eigenvalue

1—cosk
Ep = —— .
r

For if one has two wavecomplexes with n and p = r—n

waves, then

1—cosky 1—cos(k—ky)
Epgn = n . .

The minimum of this expression is at

sin kq

sin(k — k1)

n p

bl

nsink

\/n? + 2npcosk + p?

sink; =

and 1s

n+p—+/n?+2npcosk + p?
np ’

Emin =

Certainly,

(n+p)V/n? + 2npcosk + p* < (n+p)” — np(1 — cos k)

as immediately seen by squaring both sides. From this it
follows directly that

&r < Emin- (36)

If the spin waves are composed of more than two wave-
complexes, naturally ¢ is still larger. The state of lowest
energy for r right-handed spins is then, for J > 0 (fer-
romagnetic case), a single wavecomplex of » spins; or, if
J < 0 (the more usual case), r individual waves with real
wave numbers. In the latter instance, of course, the low-
est energy state has not yet been fixed by this expedient.

It is easy to compute the second approximation for
the wave numbers in a wavecomplex, by using the u and
v of formulas (31), (32), altering them slightly in order
to satisfy the actual periodic boundary conditions (29).
The solution proceeds analogously to Sec.IV; one finds
that in general for finite £ one solution in the immedi-
ate vicinity of (31), (32) is allowed, while for small k of
O(ﬁ), the nature of the solution changes if % = A

is indivisible by n. Instead of a complex of three spin
waves there would occur, for example, a pair of conju-
gate complex waves as were already analyzed in Sec.IV
for even A, together with a single wave of almost the
same, but real, wave number. The number of solutions
is unaffected by this change of appearance. There is one
solution for A = 0,1,2,..., N — n; the last value corre-
sponds t0 A_(p_1) = A_(n_3) = - = A1 = N—1. For
A > N — n, one or more A, would = N, which is not
allowed.

From now on we shall also exclude A; = 0 in gen-
eral. We immediately gain in symmetry from this, and
automatically distinguish those solutions for which the
left-handed component of total spin M = % — 7 = Stot,
the total spin, from all those others with the same value
of M which belong to a higher value of Sy,¢. The latter
are just those states in which one or more of the r wave
numbers are zero. After eliminating them, there remain
only N — 2n + 1 wavecomplex solutions of n spin waves:
A=n,n+1,...,N —n.



VII. THE NUMBER OF SOLUTIONS

We assume that two complexes of p (> n) spin waves
are available, and ask about the number of solutions that
can be obtained by means of the ansatz. This leads us
to discuss the phases ¢. If the wave numbers in the first
complex are given by

f;

cot?“:a—m, k=—(n—-1),(n-3),...,n—1
a—ncotﬁ k —Zf (37a)
- 2a 1 — - K
and in the second by
Ju o _
cot 5 =b—ip, p=—(p—-1),(p=3),....p—1
ko
bIPCOt?, kzzzu:fu (37b)

then by (28), (29), (31)

Nk 227/\1+ZZSDW,
K op

NkZIQTAZ_ZZQDMM
Ko

K K AR _b . -
cot%:cot (1/)2“-1-2)(2‘1) = a2 —l%,

a—>b
(Fh2+ ()2 -1
The sign of ¢, =sign of a—b, and ), Zu Xep = 0, be-
cause the f, and f, come in ordered complex conjugate

pairs.
The vy, are zero if k; is very small, a very large, and

tan ., = (38)

then with increasing k; they become positive as long as
a > b. We are interested most of all in their for the case
where a approaches b very closely and ultimately becomes
smaller than b, in order to determine the number of for-
bidden integers Ay, Ay. For this we fix '3 Ay = J\;?kf and
define A’ through

by A M4+1
ncot% >10(:otu > ncotw.

= (39)

13We shall see later that for ¢ =~ b, k1 and k3 in fact have

the form 2% x integer, and that therefore Ag = integer.

For Nki = 2x), a — b will be evidently be positive
and small, of O(%) Then, ,, is small and positive
if |k — p| > 2; small and negative if |k — | < 2 and very
large and positive if |k — p| = 2.

The last is a consequence of the x and p differing from
integers only by quantities O(e™V) < % (cf. Sec.IV),
such that (25%)% — 1 < (a—b)? as soon as |« — | lies in

the vicinity of 2. Up to quantities O(%):

0 for |k —p|>2
Yep =< 7 for |k —p| <2 (40)
g for |k —pl =2

Next, assume p — n 18 odd. Then for a given & there
are just two values y = x + 1 and g = k — 1 for which
., does not vanish, but has the value 7. This yields

DD e = 27 (41)

p —n is even. For each x there are 3 p’s for which

Yru # 0

/1:"{’1/)/@;1:7“
ﬂ:’{+2a¢nu:%a
/’L:H_2a1/)nu:%~

Together, this yields once again

221/}““ = 27n.
£

So,

Nk

/\1:—1—n:/\/—n,/\2:A0—|—n. (42a)

27

Corresponding for Nky = 2x(A' + 1):
2D e = =2,
K n
Ale/—i—l—FTL,AQIAo—TL. (42b)

Thus A; ranges over the values,
M=nn+1... . XN =nXN+n+1,...,N—n. (42¢)

The 2n values A’ —n+1,..., X +n are forbidden by the
presence of the other spin complexes. Thus, we see that
if Ag is small, then in general b > a, thus Az = Ay — n.
However, As must be at least equal to p (see end of pre-
ceding paragraph) and therefore, A\g > p+ n. Likewise



Ao < N — p—n, from which it follows that if the other
spin complex were not present. It is important in both
cases that n be the number of waves of the smaller of
the two spin complexes. The total number of solutions
is, then,

(N =21 —2p+1)(N —4n +1).

The case n = p remains to be investigated. Here for
& = n — 1, the single partner, g = k 4+ 2, which earlier
gave thx, = %, is missing, and for K = —(n — 1), the
partner g = k — 2 is missing, so now

221/)““ =(2n— )m.

(43)

In addition, there is now a A, so that ncot%‘l
p cot %‘“ and, simply, A’ = Ay. But this does not lead
to a solution because whenever f; = f,, kK = p, and the
eigenfunction has already been seen to vanish if two wave
numbers are equal. That is, k1 1s at most

N]Cl = 27T(A0 — 1),

which yields

1 1
A1:A0_§_R,A2:AO_§+TL;

just as, for Nky = 27 (Ao + 1),

221/}““ =—(2n — )m,

1 1
A1:A0+§+TL,AQIA0+§—TL.

Ap 18 therefore, obviously, a half integer. Over the range
of A1, once again 2n numbers are missing: Ay — n +
%,...,/\0 +n— %, but only 2n — 1 in the range of Ag,
so Ag must equal or exceed 2n — % (A2 = n), while it is
at most equal to N — 2n + % (A2 = N —3n+ 1), that is,
Ag possesses N — 4n + 2 values instead of the N —2n +1
which are allowed when only a single complex of n waves
is present. As interchange of A; and Ay does not affect
the solution, the total number of solutions is

%(N —4n 4+ 2)(N —4n+1).

The situation will perhaps become clearer if, for the
moment, we normalized the ) differently. Let 1’ be de-
fined such that, for very large a it coincides with a, but
for @ = b it remains constant. Then (in the case of two
complexes with n waves,) > Zu Yy, grows from zero
to (2n — 1)27, while k1, with ks fixed, goes from ZWT" to
2mN=n)

20N = Nky =Y >
KB
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then A} clearly takes on all values from n to N —3n + 1,
that 18 N — 4n + 2 values; this also applies to A5, with
the one restriction, a prohibition against the value which
corresponds to ko = k.

Now, in general we assume g, complexes each with n
waves, that is ¢; single waves with real wave numbers,; g5
pairs with complex conjugate wave numbers, and so on.
The constant Ay of the first of the n wave complexes could
assume any of the values n,n+1,..., N —n, i.e. take on
N — 2n + 1 possible values if there were no other wave-
complex present. For each complex with p > n waves,
2n numbers are lost, as we have seen; for each complex
of p < n, only 2p; finally, for each of the remaining ¢, — 1
complexes with n waves, 2n — 1 numbers. Thus, these
are

Qn=N-2n+1-2) pg—=2) ng—(2n—1)(ga—1)

p<n p>n

remaining values all allowed for A;. The constant Ay of
the second complex of n waves may not allow ks to coin-
cide with ki, that is, it has one fewer possibilities; finally,
the constant A, of the last complex of n waves can take
on only

Q;_(QH_l):Qn'i'l

distinct values, where

.):N—QquP—Qanp.

p<n pzn

Qn(NaQ1aQZa" (44)

Finally, considering that interchange of the A’s of the var-
1ous wavecomplexes with equal numbers of waves n does
not lead to new solutions, one finds for the total number
of solutions

qn!

)

Z(NaQ1,Q2,~~~): H

n=1

Qn + ¢n

d

where the @, are defined by (44).

VIII. IMPORTANT IDENTITY

We shall prove now that we have obtained the cor-
rect number of solutions. It is known that the num-
ber of eigenvalues Z(N,r) for a fixed value of total
spin Sior = — r equals the number of eigenvalues

2



with M = S,,; left-handed spins, less the number for

M:Stot—l—l,i.e. [1]
 N—2 41 (N
T N-—-r+1 r)

o= (2)-(4)

(46)
The following must also hold true
> Z(N,q1,q,-..) = Z(N,r) (47)
q1,92,---
the sums being over all values spanned by q1,¢s, ... for

which the total number of spin waves equals r, that is
= Z ng, =r.
n

In other words, one sums over all the ”partitions” of r;
g, gives the number of times the summand n appears in
the particular partition.

We introduce the total index of the spin complex

(= an (48)

Q1 +2q2+ 3¢z + -

and rewrite (44) as

=N-20-2> (p—1)g—2> (n—1)q

p<n p2zn

Qn(Na q1,4q2, .. )

IQn_l(N—Qq,QQ,qE;,...). (49)

Especially,

Ql(NaqlaQZa“'):N_QQ~ (49&)

By E.(45),

N—-2¢4+q¢

Z(NaQIaQZa"'):< ¢

) Z(N —2q¢,q2,93,...).
(50)

On the right, next to the binomial coefficient, is the num-
ber of allowed solutions with ¢ single spin waves, and
generally, ¢, complexes each with n — 1 waves in a chain
of N — 2¢ sites. This corresponds to a total of

r’:an(n—l):r—q (50a)
right-handed spins arranged in
¢=> tm=9-n (500)

n>2

wavecomplexes.
Now we introduce the number of all these solutions,
for which r right-handed spins are arranged in precisely ¢

wavecomplexes, without distinguishing how many waves
each individual complex contains

Z(N,rq) = Z
G1+tq+ag+---=4¢q
1 +2¢2+3+ =7

Z(NaQ1aQZa"')

(51)
It follows then from (50), (50a), (50b) that

g—1
N —2¢+
Z(N’raQ):Z< qf ql)Z(N_QQar_Qaq_ql)
¢1=0

(52)
and

r

ZZ(N,r,q). (53)

¢=0

Z(N,r):

From here on we treat the problem by complete induc-
tion. We assume

N—-2r+1 (N—r—l—l) (r—l)
N—-—r+4+1 q qg—1)"
For ¢ = 1 this is certainly correct— we have a single com-
plex of r waves whose wave numbers can take on N —2r+1
values. Likewise, (54) is correct for ¢ = r; then ¢, = r
and ¢, = 0 for n > 1 inserted into (45) transforms it into

(54). Let us take (54) as proven for N —2¢, r— ¢, ¢ — ¢1
and by (52) have

g—1
N —-2¢q+¢ N—-r—qg+1
Z(N,r,q):Z( al 1)( 79— N )

¢1=0

X(r—q—l) N—-2r4+1
g—q—1) N—r—gq+1’

Z(N,r,q) =

Then,
(N—Qq-l-fh):i(r—l)(N—QQ+Q1+1_T)
q1 5=0 s nee |
g—1 ¢
(N —r—q+1)!
Z(N =
(N,7,q) qu::O;(q_ql)!(N—r—2q+Q1+1)!

" (N—r—=2¢+¢ +1)! N-2r+1
(1= (N —r—=2¢+s+1D)IN—r—q+1

r—1 r—qg—1
X
s qg—q+1

_ N-=-2r+1 = r—1 N-r—qg+1
_N—r—q—l—l ‘ q—s

s=




g—1
q—s r—q—1
X
g(fh—s) (q—fh—l)
_ N-2r+1 Z N—T—q—|—1
_N—r—q—l—l - q—s
(r—1)! (r—s—1)!

slr—s =Dl (¢g—s—Dl(r—q)!

i N—27°+1 r—1 Z q—l N—?“-(]-Fl
CON—r—q+1\q¢—1 . S q—>5
N =-2r+1 r—1 N—7r
S N—r—qg+1\g¢—1 q

identical with (54). Since (54) holds for ¢ = 1 and for
g =2, 7 =3 and 4, then for ¢ = 2 and » = 3,4, then
for ¢ = 2 and greater values of r, and finally for ¢ = 3, 4,
ete. Inserting (54) in (53) yields

CON-2 IS N=r1\ [r—1
Z(N’r)_N—rJrl;( q )(T—Q)
_ N-2r+1(N
T ON-—r+1 r

M three-dimensional
1>This rash promise has apparently not been kept.

)
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in agreement with the number of solutions which we were
seeking, Eq.(46). Therefore, our method yields all the so-
lutions of this problem.

In a future paper, this method will be extended to
space 1% lattices, and its physical implications for cohe-

sion, ferromagnetism and electrical conductivity, will be
derived. '®
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